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NON-EXISTENCE OF TIME-PERIODIC VACUUM SPACETIMES 


SPYROS ALEXAKIS AND VOLKER SCHLUE 


Abstract. We prove that smooth asymptotically flat solutions to the Ein¬ 
stein vacuum equations which are assumed to be periodic in time, are in fact 
stationary in a neighborhood of infinity. Our result applies under physically 
relevant regularity assumptions purely at the level of the initial data. In par¬ 
ticular, our work removes the assumption of analyticity up to null infinity in 
[Bicak, Scholtz, and Tod; 2010]. The proof relies on extending a suitably con¬ 
structed “candidate” Killing vector field from null infinity, via Carleman-type 
estimates obtained in [Alexakis, Schlue, Shao; 2013]. 
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1. Introduction 


This paper addresses the question whether there exist asymptotically flat solu¬ 
tions of the Einstein vacuum equations which are “periodic in time” in a suitable 
sense. We show that any such solution must necessarily be stationary near infinity. 
Thus, genuinely “time periodic” solutions do not exist, at least in a neighborhood 
of (null) infinity. 

This question dates back at least to early works of Papapetrou |Pap57[ |Pap58a| 
|Pap58b| , see also |Pap62| . His motivation for considering this question appears to be 
tied to the dynamical problem of motion of gravitating bodies in general relativity. 
Indeed, the first derivation of the equations of motion to first post-Newtonian order 
is due to Einstein, Infeld and Hoffman |EIH381 . For a two-body system of masses 
nri, m -2 at positions fq, fq, the equations of motion, recast as an effective one-body 
problem for the displacement r = rq — rq, reads: 


m r 1 77 i 

( L1 ) r = 
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where r = |r|, and m = mi + 7712 , 77 = 77117712/(7711 + m 2) 2 are mass parameters; 
c.f. IPW141 . In the subsequent IRob381 Robertson studied the equations (11.111 de¬ 
rived in |EIH38j , paying precise attention to whether they admit solutions which are 
periodic in time (in analogy to elliptical orbits in Newtonian theory). He observed 
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that such orbits do exist, namely circular processions around the center of mass. 
As already noted in jEIH38] , this is in apparent contradiction to the wave nature of 
gravitation (already visible at the level of the linearized Einstein equations) which 
suggests that the motion of bodies should result in the emission of gravitational 
waves that carry energy towards infinity, thus causing in turn the two body system 
to lose energy and hence ruling out the possibility of periodic-in-time solutions. 
This issue was resolved in the setting of the slow-motion approximation for Ein¬ 
stein’s equations, with the correct understanding of higher order post-Newtonian 
approximations and their relation to the post-Minkowskian expansion of the metric; 
see the book of Poisson and Will IPW14| for a comprehesive discussion, and also 
the work of Damour and Blanchet |Da/m84l IT)T)85l 1770861 [Rlanfi] . 

This still leaves open the question of the existence of time-periodic solutions for 
the actual Einstein equations; we take up this question here and show Theorem ll.il 
below. We note that in physics an argument is often put forward to rule out such 
solutions: namely that they should not exist, since time-periodicity, together with 
the finiteness of the total (ADM) energy should imply that any such solution cannot 
lose energy towards infinity, and must therefore by stationary. This reasoning has 
in fact been applied to the more general setting of space-times which merely do not 
emit gravitational radiation, and indeed underpins some of the central views on the 
generic long-time behaviour of Einstein’s equations, see e.g. Section 9.3 in [HE7.3I . 
However, in spite of the wave nature of gravity, this is in fact a very subtle math¬ 
ematical question: Indeed, while the simplest linear analogue of this prediction, 
namely that non-radiating free waves in Minkowski space-time are trivial is a clas¬ 
sical result of Friedlander [FH731 . one can easily construct small perturbations of 
the free wave operator in Minkowski space for which the corresponding assertion is 
false: There exist wave operators L := □ + V (for a smooth, small, compactly sup¬ 
ported potentials V) which admit non-zero solutions which decay fast towards null 
infinities (and thus in particular have vanishing radiation fields); see e.g. [AS14| . 
Our main result resullQ rests decisively on the precise (non-linear) form of Einstein’s 
equations, to rule out the existence of (asymptotically flat) time-periodic solutions: 

Theorem 1.1. Any asymptotically flat solution (AA,g) to the Einstein vacuum 
equations arising from a regular initial data set which admits a discrete isome¬ 
try (near null infinity) that maps any point into its chronological future, must be 
stationary near null infinity. 


In other words, the discrete isometry of the space-time (A4, g) is in fact induced 
by a continuous isometry. Thus the solution is not “genuinely” time-periodic. 

We remark that if one strengthens the regularity assumption to include null 
infinity, we can also prove that vacuum space-times that emit no radiation towards 
I - , X + must also be stationary (near infinity); see Theorem 1 1.31 below. 

1.1. Discussion. We digress here to discuss earlier work on this subject. The 
analogous question for spatially compact (cosmological) space-times was settled in 
the affirmative by Galloway |Gal84j : see also |Tip80| who puts this question in 


a much broader context. The proof in [Gal84 is an application of a splitting 


theorem in Lorentzian geometry which relies on the dominant energy condition 
(and is thus applicable in the presence of matter fields). In the asymptotically 
flat setting, in particular for asymptotically simple space-times, all approaches to 


1 The precise version of this theorem is stated in Theorem 11.21 below. 
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this problem |Pap57[ |Pap58a[ |Pap58b[ IGS84I IBSTlOal IBSTlObj seek to relate the 
time-periodicity property to an analysis at null infinity. (An exception is the paper 
|Daf03l of Dafermos who used the event horizons instead, to show that in spherical 
symmetry time-periodic black hole space-times coupled to suitable matter models 
are static.) 

The main modern strategy to handle this problem has been to construct a vector 
field (near null infinity) which satisfies the Killing equation to any order, by virtue 
of the time-periodicity assumption. This analysis is performed most cleanly in the 
recent work of Bicak, Scholtz, and Tod IBSTlOaj . where also a suitably flexible no¬ 
tion of time-periodicity is introduced, which is the one we adopt here; c.f. Def. 11.11 
below. The paper ( BSTlOal proceeds in two steps: First, assuming that the space- 
time admits a C°° smooth conformal compactification, they study the (conformally 
transformed) Einstein equations at an interior portion of future null infinity. The 
assumption of time-periodicity is employed to successive orders to derive the exis¬ 
tence of a jet of a vector field T which satisfies the Killing equation to any order. 
At this point the authors impose the additional assumption of analyticity on the 
metric g up to and including X + . This allows them to extend the formal jet of T 
to an actual Killing vector field in M. 

As noted in [BSTlOaj . one would naturally want to remove the assumption of 
analyticity. In addition, in view of |Chr02] . one would also wish to remove the 
assumption of C°° smoothness at null infinity. In this paper we achieve both of 
these goals, and are able to infer the stationarity of smooth space-times using the 
Einstein equations alone. 

Our proof follows the two-step strategy of IBSTlOaj : In Section [3] we first de¬ 
rive the existence of a “candidate” Killing vector field which satisfies the Killing 
equation to all orders. We take special care to perform this analysis in the actual 
space-time; c.f. Section [2] for a precise description of the space-times considered, 
and the relevant limiting procedures. We work under a regularity assumption on 
the space-time which is imposed at the level of the initial data. At this point 
the assumption of time-periodicity is essential. In the second step we discard the 
assumption of analyticity at X + , using instead our recent unique continuation the¬ 
orem for linear waves derived jointly with Shao in (ASSI31 . The latter is in fact not 
directly applicable as a uniqueness result to deduce the extension of symmetry, but 
is instead implemented at the underlying level of Carleman estimates; c. f. [ATKIObj . 
The fact that we extend from infinity introduces additional difficulties, which are 
overcome in Section [I] 

Remark. We remark here that a more general question is the stationarity of non- 
radiative space-times, namely solutions to Einstein’s equations which are not nec¬ 
essarily time-periodic, yet have the property that no graviational energy enters or 
leaves the space-time, through suitable portions of past and future null infinities, re¬ 
spectively. A version of this problem was in fact also considered by Papapetrou, first 
for linear (electromagnetic) fields and partially for the gravitational field |Pap65| , 
who argued that if a solution is stationary in the past of a characteristic hypersur¬ 
face, and non-radiative towards the future, then it should be stationary everywhere. 

Note that this question naturally allows for a localized version: One can inquire 
whether solutions with no incoming and no outgoing radiation on small portions 
X-,Z+ of X", X+ (see Fig. [TJ must be stationary near those portions. (One can¬ 
not expect the solution to be stationary throughout the space-time, by domain of 
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Figure 1. Domain of stationarity near infinity. 


dependence considerations, since imposing incoming radiation “prior” to I~ im¬ 
mediately yields a non-stationary space-time far from I~ UZ+.) 

The methods developed in this paper do in fact apply to this setting also, at 
least under strong regularity assumptions, see Section [3711 and Theorem II.31 below. 
A sufficient condition to derive the existence of a stationary Killing field near Z+ , 
I~ is essentially to assume a full asymptotic expansion of the metric near null 
infinity, which is “well behaved” in the limit towards space-like infinity; (this is at 
the same level as assuming the existence of a smooth conformal compactification 
of null infinity). Moreover, for a local result of this kind, one expects that such a 
regularity assumption is necessary ; see for example the discussion for linear waves in 
|AS14| . We stress again that in the setting of time-periodic solutions considered in 
Theorem ll.il one does not need to assume regularity at null infinity, but essentially 
only on the initial data. We find this an appealing feature of the present result, 
since the infinite order regularity of null infinities is not expected to hold in general; 
see [Chr02 , VK04j . It is for this reason that we are careful to perform the analysis 
of the Einstein equations in Section [3] in the physical space-time (as opposed to on 
the boundary of a conformally compactified space). 

Remark. We mention that in the time-periodic setting, one would wish to extend 
the domain of existence of the stationary Killing vector field to the entire interior. 
This however is a formidable challenge in full generality, due to the possibility of 
trapped null geodesics. A discussion of this obstacle in the context of the present 
methods can be found in jAIKlOaj . 

Remark. We note that the problem addressed here, namely the extension of an 
asymptotic symmetry “at infinity” to a genuine symmetry of the space-time metric 
also appears naturally in other problems in geometric partial differential equations. 
Notably the work of Brendle on steady Ricci solitons |Brel3| is one such example in 
Riemannian geometry, where the extension of an asymptotic (rotational) symmetry 
to the interior was a key step. 
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Figure 2. Penrose diagram of an asymptotically flat space-time 
arising from initial data on E; sketched are the fundamental do¬ 
main f2, and the domain T> extending to future and past null in¬ 
finities T + , I~. 


1.2. Definitions and main results. Let (A4 3+1 ,g) be a solution to the Einstein 
vacuum equations: 

(1.2) Ric(g) = 0 . 

Here we shall be concerned with dynamical solutions arising from asymptotically 
flat initial data. In the seminal work [ CK931 , Christodoulou and Klainerman gave 
in particular a detailed description of the asymptotic behavior of solutions for a 
general class of asymptotically flat initial data. We consider then an asymptotically 
flat space-time (A i,g) with the asymptotic behavior established in their work, and 
restrict our attention to a domain T> outside the domain of a influence of a ball B 
in the initial data set E, as sketched in Fig. [20 We recall the precise asymptotics of 
(A4 , g) towards null infinity in Section [2] In this paper we are primarily interested 
in solutions which are periodic in time in the following sense; c.f. IB ST 10a] : 

Definition 1.1 (Time-periodic spacetimes). An asymptotically flat space-time 
(A4 , g) is called time-periodic if there exists a discrete isometry p with timelike 
orbits, 

(1.3) tp*g = g , ip(p) G I + {p) for all p G M . 

Moreover, we require that p extends smoothly to future and past null infinities as 
translations p + , p~ along the geodesic generators of future, and past null infinity, 


2 Note that the global smallness assumption in ICK93I is not a serious restriction if our atten¬ 
tion is focused on a neighborhood of spacelike infinity see also the initial remarks in Section [2] 
and IChr02l for a discussion of the relevance of the asymptotics obtained in ICK93I for the under¬ 
standing of gravitational waves from potentially large sources. 
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respectively, in affine parameter, 

(1.4) p+(uffi) = (u + bffi) («,()£Kx§ 2 ~1 + , 

(1.5) (P~(v,£) = {v + b,£) (v, () e R x S 2 ~ 1“ , 

for some fixed b > 0. 

Furthermore we say that (A4, g) is time-periodic near infinity if for some fixed 
advanced time v = vq and retarded time u = wo, 0 < vq < oo, 0 < uq < oo, there 
exists p as in CCS on a neighborhood of Z+ U X VQ , 

(!- 6 ) X+ Q = {(u,£) eX+ :u<u 0 }, X~ = {(v,£) €l~ :v>v 0 }, 
and ip extends smoothly to translations only on Z+, X~ . 

Given the existence of a discrete isometry ip in time-periodic space-times, it will 
be convenient to pass to the quotient of the manifold A4 by the action of the map 
<p, which yields the fundamental domain 12 as sketched in Fig. [2] 

Definition 1.2 (Fundamental domain). Let (A i,g) be an asymptotically flat space- 
time arising from initial data on E, which is time-periodic. We say 12 C A4 is a 
fundamental domain for (A4,<?) if 12 is connected, E C 12, and dfl consists of two 
smooth space-like hypersurfaces Ei, E 2 such that ip(Ei) = E 2 ; moreover, 12 has the 
property that for each point p £ 12, <p(p) ^ 12, and for each q ^ 12 there exists a 
unique n£Zso that p^ n \q) G 12. 

Since p is an isometry, a time-periodic space-time (At, g) can be reconstructed 
from g in fundamental domain 12. 

For convenience, and to ensure that our methods are applicable more generally 
to non-radiating space-times, we will be working with the null structure equations 
near null infinity. In particular, we will foliate null infinity by a family of cuts S* 
which are the “boundaries at infininty” of a 1-parameter family of smooth outgoing 
null hypersurfaces C u in the space-time; see Section [2] We remark that for time- 
periodic space-times, the whole analysis then corresponds to the study of a family 
of “broken” null surfaces in the fundamental domain 12, c.f. Fig [5] 

This also illustrates that in the time-periodic setting any regularity assumptions 
made at null infinity really correspond to a regularity assumption towards infinity 
in the domain 12. Essentially, the regularity condition that we require follows by 
assuming a full asymptotic expansion for all components of the metric and its first 
derivatives, in the fundamental domain 12. 

For definiteness, let us choose coordinates (t, r, d 1 , d 2 ) such that 

E G V = {(2, r, 1 ? 1 , tf 2 ) : t = 0, r > R} 

and the initial data on E have mass m > 0, and angular momentum L = ma, 
0 < |a| < m. (We also assume that in these coordinates the linear momentum of E 
vanishes.) In particular, this fixes the metric g on E to highest order (in r). Beyond 
the leading order, we assume a full asymptotic expansion of the metric (in inverse 
powers of r); we refer the reader to Definition 12.11 in Section 12.61 for the definition 
of appropriate function spaces Of°(r~ k ). This is an essential regularity assumption 
needed in this paper to derive the existence of a vector field that satisfies the 
Killing equation to infinite order. In the time-periodic setting, we show that this 
assumption is sufficient , c.f. Section [3] 
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In summary, we require that on the initial hypersurface SflD = {i = 0,r > R }, 
the first and second fundamental forms, g|s, and k. respectivly are given by 

(l-7a) fllE=^)lt=o+fl 00 |t=o, 

(l-7b) k\?: = d t gf™ a) \ t =o + d t g°°\t=o, 

where denotes the Kerr metric in Boyer-Lindquist coordinates (t, r, •d 1 , 'd 2 ), 

and the tensor components g ^ are functions in 0£°(r _fe ), with k chosen depend¬ 
ing on a,/3 £ {t, r, i? 1 , i? 2 } so that g°° contains the full asymptotic expansion in 
1/r beyond the leading orders of the Kerr metric; see Section PTTTT1 for the precise 
numerology of the exponents. 

Remark. The existence of such an expansion is often assumed freely at the level of 
the initial data (both for the metric and the second fundamental form). Such an as¬ 
sumption corresponds to smoothness at (spatial) infinity of a suitably compactified 
metric. We refer to |Fri04j for a thorough discussion of this issue. 

Remark. The assumption that g matches a member of the Kerr family to a given 
order (in particular capturing the first non-trivial order involving the angular mo¬ 
mentum parameter a, c.f. Section rot in principle merely corresponds to picking 
out the Kerr metric with the same mass and angular momentum as our chosen 
space-time. The agreement of the two metrics to suitably high order should then 
be derivable, by normalizing the coordinates on the initial data set near spatial 
infinity. A way to achieve this could be via conformal normal coordinates centered 
at spatial infinity, as in lFri04] . 

In fact, we shall require that in the entire domain 12 l~l T> the metric g admits 
an expansion of the form (c.f. Def. 12.11 for the definition of the function spaces 
0?(r~ k )) 

(1.8a) g = -df 2 + dr 2 + r 2 1 A b d^ A ^ B + g°° 

(1.8b) g°° = 0^{r~ l )dt 2 + O^ir-^dr 2 + 0^{r~ l )dtdr 

2 2 2 
+ °2°( r “ 1 )dtd0 A + J2 e ) “(r~ 1 )drd'd A + r 2 0^{r~ 1 )dd A 'd B . 

A -1 A=1 A,B =1 

Definition 1.3 (Regularity at spatial infinity). Let (A4,g) be a time-periodic 
asymptotically flat spacetime and 12 C AA a fundamental domain. We say (A4,g) 
is regular at spatial infinity if g admits an asymptotic expansion of the form (11.81) 
in Q. 

Remark. It would be favorable to replace the regularity assumption on g in Q by a 
corresponding assumption purely on the initial data on E. We expect it would be 
possible to assume as initial data on t = 0 the first and second fundamental form 
induced by (11.81) on E, and then derive that (11.81) holds for all t £ [0, T], for T > 0 
arbitrarily large, but finite; in particular, large enough to be valid in the entire 
domain fl D V. This requires a suitable “preservation of regularity” estimate (for 
the Einstein equations in harmonic gauge, for example) which, however, appears to 
be missing in the literature. 


The main result in this paper is: 
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Theorem 1.2 (Stationarity of time-periodic spacetimes near infinity). Let (A i,g) 
be an asymptotically flat solution to the Einstein vacuum equations & Suppose 
(Al, g ) is time-periodic near I(f o Ul“ as defined in Def. 11.11 for some ug,vo G K., 
and g is regular in the fundamental domain SI in the sense of Def. II Moreover 
we assume that on T, HD the initial data coincides to leading order with a Kerr 
solution, c.f. (14.6111 . Then (A i,g) is stationary near infinity, i.e. there exists a 
vectorfield T which is timelike near infinity such that 

(1-9) C T g = 0 : on £> (t , 0]Uo) , 

where D( V0 ,u 0 ) C M C\ {u < uq,v > vo} is neighborhood of Iff U Iff; c.f. Figure[I\ 

The proof, as we have already outlined above, proceeds in three steps: We shall 
first construct a “candidate” stationary vectorfield for a large class of asymptotically 
flat space-times in Section [2] Then we shall prove in Section [3] that by virtue 
of the time-periodicity assumption this vectorfield satisfies the Killing equation 
to all orders, namely its deformation tensor decays faster than any polynomial 
rate in the distance. Finally we shall apply in Section [4] the results in | ASS131 
[IK 13 to infer that the deformation tensor of the “candidate” vectorfield in fact 
vanishes identically in a neighborhood of infinity, using that by the Einstein vacuum 
equations the relevant Lie derivative of the curvature satisfies a wave equation. 

It is thus only in the second step, in Section[3] that the time-periodicity assump¬ 
tion is crucially used; (besides the reduction of the regularity assumptions to the 
initial data). Moreover, the time-periodicity assumption is used in a rather benign 
way, essentially only to rule out linear growth, c.f. Section 13.11 It turns out that 
the proof of Prop. 13.51 (which shows that our “candidate” vectorfield satisfies the 
Killing equation to all orders) applies more generally, in the setting of non-radiating 
solutions, if one is willing to assume instead a strong regularity condition on null 
infinity, as discussed in the following theorem. 

Definition 1.4. An asymptotically flat, dynamical solution to the Einstein vacuum 
equations is called non-radiating (towards future null infinity), if the Bondi mass 
M(u), as defined in Section [2731 c.f. in particular (|2.3412.361) . is constant as a 
function of “retarded time” u. (Similarly for past null infinity.) 

In view of the monotonicity of the Bondi mass, c.f. (12.3611 . the non-radiating con¬ 
dition is strictly weaker than the time-periodicity assumption; see also Section 13.11 

Theorem 1.3 (Stationarity of non-radiative spacetimes under strong smoothness 
assumptions on null infinity). Let (A i,g) be a dynamical solution to the vacuum 
equations satisfying the asymptotics towards null infinity established in ICK93! 
(c.f. Section \2.3\) . Let us assume that in addition to more specifically (14.611) . 

the initial data on E C AI is such that, with the notation of Section \2fM 

supr 5 |a|^ < oo , supr 4 |/f|^ < oo , 

E E 

holds. Furthermore, let us assume that the space-time (A i,g) is smooth at null 
infinity in the sense of Def. \2.2l and that all components of the curvature, c.f. Sec- 
tion \2.2l 


k = a, ft, p, a , fi,a 
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admit and expansion (c.f. Def. \2.1\) near future and past null infinities X + , X , 

OO 

(1.10) k~5>± (u±,£)r k - 1 , 

l -0 

with the property that 

(1.11) lim \k 1 ±(u±, 5)| < oo, Vie N. 

u±—OO 

If (A1, (?) is non-radiating, m the sense of Def. towards future and past null 
infinity, then {M,g) is stationary near infinity, as concluded in Theorem \1.2\ 

Remark. We would like to remark that the localization achieved in both Theo¬ 
rem [L2l and m namely that it is possible to assume the time-periodic, or more 
generally non-radiative property only on arbitrarily small segments of future and 
past null infinity, relies crucially on the positivity of the mass of the spacetime. 
Indeed, the unique continuation results in our |ASS13I which are used for the ex¬ 
tension of the stationary vectorfield from infinity, allow for such localisation to a 
neighborhood of spatial infinity only in the presence of a positive mass, c.f. Sec¬ 
tion 14.21 The underlying relationship between the behavior of null geodesics in the 
space-time, and the positivity property of mass, which has been exploited quanti¬ 
tatively in ASS13j . has previously been observed by Penrose, see e.g. jPSWI . who 
sought to give an alternative proof of the space-time positive mass theorem (SY79] 
based purely on the behavior of null geodesics near infinity; see also Galloway and 
Chrusciel [CGOl IChrfH] . 

Acknowledgements. We would like to thank Piotr Chrusciel for pointing out to us 
the results in [BSTlOal in the early stages of this project. We also thank Greg 
Galloway for insightful discussions on [ Gal841 1CG041 . and Arick Shao for many 
useful suggestions. 

2. Asymptotically flat dynamical vacuum spacetimes 

The asymptotics of a gravitational field have been described in CK931 IChr91j 
in the fully non-linear dynamical regime; (see also j KN03aj ). In the following we 
shall assume in particular the asymptotic behaviour towards future and past null 
infinity of solutions to the Einstein vacuum equations arising from asymptotically 
flat initial data; while the results in [CK93I were derived under a global smallness 
assumption on the initial data, the rigorous analysis of the asymptotic behaviour 
towards null infinty is also valid for gravitational waves from strong sources (Chr91( . 

2.1. Choice of gauge and construction of candidate Killing vectorfield. In 

|Chr9111CK931 all geometric quantities are decomposed with respect to a null frame 
defined in terms of one optical function u, the level sets of which are outgoing null 
hypersurfaces, and an affine function s. As we shall see this choice is particularly 
well adapted to the construction of a candidate time-like Killing vectorfield. 

In [Clir9lj future null infinity X + is constructed as a limiting ingoing null hy¬ 
persurface emanating from spacelike infinity t . More precisely, given an initial 
asymptotically flat spacelike hypersurface £o, we can define a family of null hy¬ 
persurfaces C~f relative to an exhaustion of So by balls Bd , as the ingoing null 
hypersufaces emanating from Sd = dBd- The intersection of the outgoing null 
hypersurface Cq from a fixed sphere, say So, with the ingoing null hypersurface 
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Figure 3. Construction of coordinates near null infinity. 


C~ = Cj», emanating from Sd* is a distinguished sphere Sq at null infinity, as 
d* —> oo; see Figured 

Now define null normals (L, L) to the sphere Sq at infinity by the conditions 
g(L,L) = g(L,L ) = 0, g(L,L) = —2, and g(L,X) = 0 for X G TSq, which fixes 
the ingoing and outgoing null vectors L, and L, respectively up to a rescaling 


( 2 . 1 ) 


L i y a L L_ i ^ — L_ 
a 


where a is a positive function on Sq. The null second fundamental form %, and 
conjugate null second fundamental form \ defined relative to L, and L respectively, 
are then fixed up to rescalings 


( 2 . 2 ) 


1 

X^ax X ~X ■ 

— a— 


In view of asymptotic flatness, however, trx > 0, and try < 0, and we can fix a 
gauge, i.e. a function a on Sq such that 

(2.3) tr x + tr % = 0 : on Sq . 

Now define 

(2.4) T = 1 -(l + l) : on S* 0 ; 


the vectorfield T thus defined coincides with the binormal to Sq , and has the 
property that the first variation of the area of Sq along timelike geodesics generated 
by T vanishes. 

Next the null normals (L,L) are extended to C~ as follows: Define L to be 
the null geodesic vectorfield coinciding with L defined on Sq, and generating null 
geodesic segments of C ~, 


(2.5) 


V lLl = 0 :oe(7 4 . 


Note that as d* —» oo we obtain the null geodesic generators L of future null 
infinity X + as limits of null vectorfields along CX ■ With the auxiliary affine distance 
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function t from Sq , L ■ t = 1, t = 0 on Sq we define a retarded time function u on 
C~ to have the value 

(2.6) u(t) = 2(rS-r t *) 

on the level sets S t * of the function t, then simply denoted by S*; here rj 1 is the 
area radius of the sphere S t *, c.f. (12.161) below. Note that u < 0 in the past of Sq, 
and u > 0 to the future of Sq. Then L is defined to be the conjugate null normal 
to L on each S*: g{L,L) = -2, g(L, X ) = 0 for X e TS*. 

Finally we extend the null frame to the past of the null liypersurface C~ by first 
defining u to be a solution to the eikonal equation 

(2.7) g a ^d a udpu = 0 

with the above prescribed values on C~ . The level sets C+ of the optical function u 
are then outgoing null hypersurfaces that intersect C~ in S*, and we can extend L 
to be the null geodesic vectorfield on C+ coinciding with L previously constructed 
on S*: 

(2.8) V l L = 0. 

We denote by s the affine parameter along C+, 

( 2 -9) L ■ s = 1, s| s: =r*, 

and denote by S U)S the level sets of s on C+. Finally L is defined along C+ to be 
the conjugate null normal to L on S UfS : g(L,L) = —2, g(L,X) = 0,le TS UiS . 

We shall now define a coordinate chart in the past of C~. First choose coordi¬ 
nates (d 1 ,!? 2 ) on Sq, and fix a diffeomorphism $o of S 2 onto Sq. Then define 

(2.10) $„, s : S 2 —> S u , a 

such that <F UjS o 1 : Sq —> S u , s is the group of diffeomorphisms generated by the 
flow along null geodesics, first along the integral curves of L on C~, then along 
the integral curves of L on C+. Now we can assign to any point p € S U}S the 
coordinates (it, s, d 1 , d 2 ), where $~^(p) has coordinates (i? 1 ,!? 2 ) on Sq. 

This choice of coordinates is closely related to our construction of the “candidate” 
Killing vectorfield. In fact, in these coordinates 

(2.U) L = ! 

and we now define everywhere 

( 2 . 12 ) T = ±. 

As we shall see in Lemma m the coordinate vectorfield T thus constructed is 
timelike in a neighborhood of null infinity; it commutes with the geodesic vectorfield 
L by construction: 

(2.13) [L,T\ = 0 

In Section [3] we shall prove under the time-periodicity assumption of Def. 11.11 that 
T = d u satisfies the Killing equation to infinite order (in r), while (12.131) is essential 
in Section [4] to deduce further that T in fact generates an isometry. 

Note that by construction 


X 


a 


(2.14) 


[L,X a \ = 0, 


d 

dd a ’ 


a = 1,2, 
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it will be useful to work with an orthonormal frame Ea : A = 1,2 on the spheres 
Su, a , g{E A , Eb) = 5ab which is propagated along C+ according to 

(2.15) V l E a = -(aL, 


where (j is the torsion recalled below. This complements the pair of null vectors to 
a null frame (L, L, E±, £ 2 ) for the spacetime. 

Let </j be the induced metric on S u , s and define the area radius function r by 


(2.16) 



2.2. Bianchi and null structure equations. The present null frame (L, L, £ 1 , £ 2 ) 
introduced above obeys the frame relations: 0 (Here and in the following y := nV, 
where = g + ^(LAL 1 ' + £"£ M ) is the projection to the tangent space of S UjS , 
denotes the induced connection on the spheres S u , s .) 

(2.17a) = y a E b + ^ XabL. + ^X AB L 

(2.17b) \7 l E a = -C aL V l Ea = y l_E a + C aL - X A L 

(2.17c) S7 A L = x^E b + CaL \7 a L = Xa e b ~ CaL 

(2.17d) VlL = 2 C tA E A - uL V l L = -2^ A E A 

(2.17e) V l L = 0 \/ L L = u}L-2X iA EA 

where y, and x denote the null second fundamental forms 

(2-18) xab = g{X A L, E b ) x ab = 9{^aL, E b ) , 

and £ is the torsion 1-form, 

(2.19) C-X = \g(VxL,L) XgT 5„, s ; 
here we have also introduced the Ricci rotation coefficients 

(2.20) w = ^i ff (ViL,i) \ A = ~g(V L L,E A ). 

We shall also denote the trace-free parts of x > and y by y, and y, respectively. 

The null decomposition of the Einstein equations is presented in full general¬ 
ity in Chapter 7 of |CK93j . We quote here in particular that with the following 
decomposition of the curvature tensor 

(2.21a) &ab = R( e a,L.,Eb,L) olab = R(Ea,L,Eb,L) 

(2.21b) §_ a = ^R(E a ,L,L,L) Pa = \r{A,L,L,L) 

(2.21c) p=^R{L,L,L,L) a = i*£(L, L, L, L) 

the Bianchi equations on a Ricci flat spacetime manifold take the form, c.f. Propo¬ 
sition 7.3.2 in [CK93| . 

(2.22a) y bq + ^ trya + 2ua = y<g>/3 + 5C<8>/3 - 3yp - 3*ycr 

(2.22b) y lQ, + ^ tr y a = —f - 3y p + 3*ytr 


: ''We refer the reader to Chapter 7.3 of 1CK93I for the basic definitions of null frames, and the 
associated decompositions of the connection and curvature. 
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(2.22c) ¥l/3 + 2trx/3 = di^a + • a 

(2.22d) YlI+ 2 tr x/3 — uJ3 = — dip a + ^ ■ a + 3A p — 3*A a 

(2.22e) ¥l/3 + tr xP + UL/3 = fp + *y + 3 (p + 3* (a + 2x B • /3 - A # • a 

(2.22f) f L p + ti-xP= -fp + *fcr + 3Cp - 3V + 2*“ •/3 

(2-22g) ip + ^ tr xp = di^/3 - (C, 0 ) ~ 7} (X , a ) 

(2.22h) ip+ |trxp= -dip/3- {(,§) -2(A,/3) - i(x,a) 

3 1 

(2.22i) Ler + - tr x<r = — cu/1/? + £ A /3 + ~x A a 

(2.22j) La + | tr xa = - cujd/3 -CA/3 + 2AA/3-ixAa 

Moreover, we recall the null structure equations from Proposition 7.4.1 in JCK93) : 


(2.23a) 

cujdc = ~-jX^X 

(2.23b) 

cujdA = —2A A 

(2.23c) 

y l% + tr xx —= -y® 

(2.23d) 

y LX+\ tT xx = -y®c- 

(2.23e) 

„ i 

yitrx+- trxtrx — wtrx = 

(2.23f) 

y L t r X + ^ tr x tr x = -2di^C- 

(2.23g) 

yu = y w - x B • c - 

(2.23h) 

y L C = -2x # • C 

(2.23i) 

y lx + 2 tr xx+wx = y®c 

(2.23j) 

y lX + tr XX = 

(2.23k) 

y i tr x + ^ tr x tr x + w tr x = 2 

(2.231) 

1 

y L tr % + — tr x tr % = 

(2.23m) 

y L X - fU = 2x # 

(2.23n) 

yLw = -6(c,o 


Note that the Bianchi and null structure equations in this setting are slightly dif¬ 
ferent from those of a double null foliation used so successfully in |KN03al lKN03bl 
IChr09) . The present frame, which is based on a u, s foliation, where the level sets 
of u are null hypersurfaces but those of s are timelike, is used primarily because 
it is well-adapted to the construction of the vectorfield T, and allows us to refer 
directly to the presentation |Chr91] of the results on the asymptotics obtained in 
Cl\93 ; these we recall in the next section. 

The above equations are stated in terms of covariant derivatives. Alternatively 
the Bianchi and null structure equations can be written using Lie derivatives, for 
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the purpose of which we define 

(2.24) Dl6 = II CO , 6 : p-form on S u . s 

where II denotes the projection to the spheres S u<s . Its relation to the covariant 
derivative is summarised in Lemma o below. 

2.3. Asymptotic quantities and limiting equations. We now recall several 
conclusions of [ CK931 on the asymptotics of dynamical vacuum solutions towards 
null infinity which shall be viewed as assumptions in the present setting. 

In the geometric setting of Section 12.11 limits at null infinity are obtained by 
taking d* —>• oo thus sending C~ to an asymptotic incoming null hypersurface at 
infinity. We follow IChr91j and let every point on Sq, c/>o (id 1 , ), trace a generator 

of the outgoing null hypersurface Cq . We denote for simplicity by 

(2.25) $ u = $ u , r . : S 2 -A S* . 

For any p-covariant tensorfield w on (S *, $) of order 

(2.26) \w\ t = 0(r~ q ) 

O 

we denote the limit of the pull-back of w to (§ , 7) by 4> u as d* —> oo, in so far it 
exists, by 

(2.27) lim §* u r~ p+q w Al A 2 ...A p = lhn r 9 w(r _1 d<I> u • e Al , ■ ■ ■ ,r~ 1 d^ u ■ e A ) 

u;r—>-oo d*—y oo 

where e ,4 : A = 1, 2 is an orthonormal frame on § 2 , such that rE A = d$ u • e A . 

For the spacetimes under consideration one has, according to Chapter 17 of 
('K9.il and IChr91; . 

(2.28) lim <f>* u r~ 2 d =7 lim $ * u K[r~ 2 tf\ = 1 

U’,r—y oo u\r—¥ oo 

in other words S* become round spheres, and $ converges to the standard metric 
on § 2 . Moreover, 

(2.29) lim <S>*(rtr\)=2 lim $*(rtr%) = —2 

u;r—> oo u;i—too — 

for each fixed u, and to next order 

(2.30a) lim 4>* (r(r tr y — 2)) = H 

u\r—>oo \ / 

(2.30b) lim d>*(V(r try + 2)) = H_ 

are functions on S 2 , where H is independent of u, and of vanishing mean, and H 
satisfies: 

(2.31) d u H = ~\Z\ 2 . 

Here the limits of the trace-free parts of the null second fundamental forms are 
(2.32a) |*|b = 0(r~ 2 ) lim $;* = S tr. E = 0 

(2.32b) \x\i = Oir- 1 ) lim <F*r _1 * = S tro S = 0 , 

— u\r—> oo — 7 
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and are related by, c.f. (12.4311 . 

(2.33a) a„E = -is 

(2.33b) di^£ = iy H + Z, 

O O 

(where y, and di^ denote respectively the gradient and the divergence operator on 
the unit sphere S 2 ). It is shown in [CK93] that the Hawking mass enclosed by each 
sphere S u>a , 

(2.34) m{u,s) = ^^-(l +j^ J s trxtrxd^) 

has a limit for each u. called the Bondi mass , which plays a central role in the 
theory of gravitational radiation: 


(2.35) 


M{u)= lim m(u,r*). 


In particular it is a monotone quantity and satisfies the Bondi mass loss formula 

1 


(2.36) 


d u M = - 


32?r 


f !=| 2 d/V 

J s 2 7 


For this reason |^| 2 (^)/327 t is interpreted as gravitational power radiated to infinity 
in a given direction £ £ § 2 per unit solid angle. Moreover, 


(2.37a) 

(2.37b) 


= -\\a 

di^ S = B_ 


where A. B_ are the leading order components of the curvature. The main theorem 
in |CK93I yields in particular the following asymptotics and limits for the curvature 
components: 


(2.38a) 

(2.38b) 

(2.38c) 

(2.38d) 


\SL\ i = 0(r~ 1 ) 

I PU = 0(r~ 2 ) 
\p\=0(r - 3 ) 

M = 0(r~ 3 ) 


lim <f>*r 1 a = A 

u;r—>oo 

lim <I>*r/3 = B 

u;r—t oo — 

lim 4>*r 3 /9 = P 
u\r—¥ oo 

lim <b*r 3 cr = Q 

u\r—too 


Moreover, the remaining curvature components are of lower order, 

(2.39) N,=0(r"5), | P\t = 0(r-t). 

Remark. A strengthening of the assumption (12.391) to the existence of the limits 
(2.40a) |/3L = 0[r~ A ) lim < f)*r 3 /3 = B 

y u’,r—>oo 

(2.40b) |aL = 0(r~ 5 ) lim 4>*r 3 a = A 

y u\r—>oo 


would correspond to the presence of peeling ; such decay properties are e.g. implied 
by the existence of a smooth compactification of the spacetime at null infinity. 
Moreover (|2.40al) has in fact been derived under strong decay and regularity as¬ 
sumptions on the initial data in [KN03b| . 
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While (12.401) as an assumption on future null infinity would not be a major 
assumption in the context of this paper the main purpose of which is to remove 
the analyticity assumption in previous approaches, it is still undesirable from the 
dynamical point of view. Thus in this paper we do not impose (12.401) as an as¬ 
sumption on future null infinity. In the context of Theorem 11.21 the argument for 
time-periodic solutions only relies on the existence of the limits 


(2.41) 


d u A= lim d u <&* u r a , 

u\r—*oo 


d u B = 


lim <9„<l>*r d 

i;r—>oo 


which we prove in Section l3Tl c.f. |Chr02] ^ However, in the context of Theorem ! 1.31 
for solutions which are merely 11011 -radiative we have to impose the corresponding 
assumption on the initial data, such that, c.f. (13.391) . 


(2.42) lim |H(zt, £)| < oo, lim \B(u, £)| < oo. 

u—t—oo u—y — oo 

Finally the torsion has a limit 

(2.43) |C U=0(r~ 2 ) lim = Z 7 

w,r—> oo 

and satisfies the Hodge system 

° 1 

(2.44a) cu)4 Z = Q — -E A S 

(2.44b) di/r Z = N + P - • S 


where N_ is the limit of a “mass-aspect function” satisfying 

(2.45a) d u N=~ |S| 2 

(2.45b) — / Ndiio=2M. 

47r J s 2 7 

Regarding the remaining Ricci coefficients we assume 


(2.46a) 

(2.46b) 


lim rw = 0 

u\r —>oo 


lim <F* A = 0 ; 

u\r—too 


note that while the coefficients decay by construction since the vectorfield L is 
geodesic at infinity, the existence of the limits follows from (12.23ml) . (12.23nl) . and 


2.4. Asymptotic expression for T. In the following it will be will be important 
to have an asymptotic expression for the candidate Killing vectorfield T in terms 
of null frame (L, L, Ea : A = 1 , 2 ) constructed in Section [2TTI 


^The reason that these limits exist, while J2.40D may not, is that the coefficients to the gener- 
ically present logarithmic terms are time-independent, that is to say if in fact 


(3 = 


B* log r 
r 4 


B 

r 4 


+ o(r 4 ) 


then d u B * = 0, see (5) and (6) in [Chr02] . 
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Lemma 2.1. In terms of the null frame ( E M ’■ H = 0,... ,3) = (L, L, E 2 ) the 
coordinate vectorfield T = is given by 

(2.47) ^=i(L + L) 

/i—0 


Proof. We write 

(2.48) A =T = T l L + T l L + T a E a 

au 

and can determine the coefficients as solutions to O.D.E.’s using that T is Lie 
transported by L by (12.1311 . Indeed, on one hand, using (12.SI) . (12.151) . and (12.17dl) . 

(2.49) V l T = + (^7 - Ca tA ) l + - 2C A T^j E A . 

On the other hand, using (12.131) . namely V^T = VtL, we have 

(2.50a) 5 (V L T, L) = g(V T L, L) = ^Tg(L, L) = 0 , 

(2.50b) g(V lT, L) = 2u/T— + 2<f A T A , 

where have used (12.171) . By comparison we obtain the following propagation equa¬ 
tions for the coefficients: 


(2.51a) 

0 

II 

(2.51b) 


(2.51c) 

c\T A 

— ='l( A T^ + XAn T B 


We determine the initial values of the coefficients on C~ from the geometric con¬ 
struction as follows. By definition T is tangent to the curves u 1 —>■ (u, s, d 1 , D 2 ). 
Now we have by construction s = r on C ~, and 

Qt r _ 

(2.52) — = -try — > 1 as d* — > 00 , 

v ’ ds 2 A 

so that in a neighborhood of C~ the level sets of s and r coincide as d* —> 00 , and T 
on C~ is tangential to the level sets of r. But in view of the asymptotics discussed 
in Section [2.31 the null expansions with respect to L , and L are equal and opposite 
in sign to leading order along all of future null infinity, c.f. (12.291) . 

(2.53) lim r (tr y + tr y) = 0 , 

n;r—>00 v — 


and thus also L + L is asymptotically tangential to the level sets of r on C~ as 
d* —» 00 . Therefore T and L + L are asymptotically colinear on C~ as d* —» 00 , 
while the normalization is fixed by m : 


(2.54) d u = ^ L + L) 
The initial conditions are thus 

(2.55) T—| s=r * = 1 , T l | a=r . 


on (7* , as d* —> 00 . 


1 

2 ’ 


T A \ s =r Z = 0 , 


as d* —> 00 . 
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Lastly by the decay properties of u, and \ recalled below, we have from (12.511) 
that 

d T— d T l dT A 

(2.56) —-— | s—r* = 0 , s —-— | s=r* t 0, s —-— L= r * —^ 0 , as d — ¥ oo, 

ds ds ds 

which proves the formula of the Lemma. □ 


2.5. Metric expression. In the coordinates introduced in Section [Til the space- 
time metric takes the form 

(2.57) g = —duds — Wit 2 + $ a b( dd a — b a du) (d$ & — b b du) 

and the null normals (L,L) are given by 


(2.58a) 

(2.58b) 




2 b° 


dd a 


Note that since by (I2.17dl) . 


(2.59) 
we have 

(2.60) 
Moreover, 


[L, L] = V l L - VlL = -4C“^ + u.L 


cn 

ds 


= (jj 


db a 


= -2C a . 


(2.61) 


lim l = 1 lim b a = 0 . 

u;r—> oo u\r —»oo 


2.6. Regularity properties. In Section [L2l we have assumed that in the funda¬ 
mental domain the metric g is of the form 

(2.62) g = -dt 2 + clr 2 + r 2 1 AB dd A d B + g°° 

where each component g^ of the tensor g°° in the coordinates (t,r, d 1 ,!? 2 ) is an 
element of 0%°(r~ k ), for a suitably chosen k S N. We now define the function 
spaces C>“(r fe ). 

Definition 2.1 (Asymptotic expansions). We say a function / : [R, oo) x § 2 
R, (r,!? 1 ,!? 2 ) i-a /(r,!? 1 ,!? 2 ) belongs to the class 0^(r k ), for a fixed k G Z, m £ 
if there exist C m -functions f l : § 2 —> R, l £ N such that: 

OO 

(2.63a) f(r, d 2 ) - ^ t? V " ! , 

1=0 
oo 

(2.63b) c^/M\i? 2 ) ~ Y, d ^f l ^^ 2 ) rk ~ l > 

1=0 

d ai d an 

where d% := , ai + .. • + a n = m , Aj = 1, 2, 

oo n— 1 

dpfir,# 1 ,# 2 ) ~ J2 II( fc 1 ~ . 1 < n < TO. 

z=o 1=0 


(2.63c) 


T 
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Analogously we define the class Of%(r k ) for functions / : R x [R, oo) x § 2 — > 
M, (Lr,!? 1 ,!? 2 ) i-a f (t, r, i? 1 , i? 2 ) (with each f l now depending on (t, d 1 , $ 2 )) by 
requiring in addition that: 

OO 

(2.64) d?d$f(t, r, t? 1 , i? 2 ) ~ ^ d?d$f l (t, d 1 , d 2 )r fe " z , whenever n + |a| < to . 

;=o 

Here / ~ y )“ 0 f l r k ~ l means that for all TV G N there exists a Cat > 0 so that 

N 

(2.65) i/-E/' rfc “'i^ c '^ rfc_JV_1 ; 

1—0 

the above is assumed to hold for all values of r > R, (d 1 , d 2 ) G S 2 (and f gK). 

The following smoothness properties at null infinity are essential for the argu¬ 
ment of Section [3] In the time-periodic setting these smoothness properties are 
automatically inherited from the regularity in the fundamental domain. 

Consider a p-covariant tensorfield on S U}S as in the previous section. Let us 
suppose that w is a geometric component of the null decomposition recalled in 
Section 12.21 either of the curvature, the connection, or any derivative thereof, and 
suppose that it is already known that 

( 2 . 66 ) lim <5* (r q w) = 0 . 

u\r—¥ oo 

Definition 2.2 (Smoothness at null infinity). An asymptotically flat solution to 
the vacuum equations is called smooth at null infinity if for any geometric quantity 
w that vanishes in the limit to a given order q in the sense of (12.661) . we have 

(2.67) $; s (r^) = 0(r- 1 ), 

and the limit of w exists to order q + 1 , in the sense that 

(2.68) d.^r^w) = K, s Mr q+1 vj) = 0(r ~ 2 ). 

Moreover, as part of the smoothness property, we require a mild angular regularity 
assumption that states that if the limit of a geometric quantity vanishes in the 
sense of (12.661) then so do its angular derivatives: 

(2.69) lim y 4>*(r 9 u;) = lim <E>* (r 9 y u;) = 0 . 

u]r—to o u;r—t oo 

Lemma 2.2. Let {M,g) an asymptotically flat space-time, which is time-periodic 
and fl C A4 a fundamental domain. If g is regular in fl, then ( M,g ) is smooth at 
future null infinity. 

Proof. Let s <—> y(s) be an affinely parametrized null generator of a null hypersur¬ 
face C u . We show s is comparable to r in the fundamental domain. The regularity 
statement then follows immediately from the Definition [Ld] W.l.o.g. we can assume 
that 7 (s) € By time-periodicity there exists n G Z such that ip^(j(s)) G fl. 
This defines a map <fi : C u —> fl, the image of 7 thus being a “broken null curve” in 
fl, c.f. Fig. [2] Since by (12.291) . 

(2.70) lim L-r= lim -tr y = 1 

w,r—> 00 u\r—± 00 2 

and by definition L = 7 , we obtain that there exists a constant c such that <^( 7 (s)) G 
{(t, r, fl 1 , d 2 ) G fl : c~ 1 s <r< cs}. Then the limits in Def. 12.21 follow from (12.621) 
with the components of g°° in 0^(r~ k ) as defined in Def. 12.11 □ 
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Remark. In cases where the geometric quantity w satisfies a propagation equation 
in the outgoing null direction, the existence of the limit to next order can in fact be 
inferred if the forcing terms in the o.d.e. are known to be integrable; see Lemma l2.3l 
which we shall employ frequently below. However, for quantities where no such 
equation is available from the vacuum equations (such as the curvature component 
a), this a genuine smoothness assumption on the spacetime geometry at infinity. 

Lemma 2.3. Let f : [so, oo) —> R be a bounded function solving the o.d.e. 

(2-71) d a f(s)--f(s)=g(s) 

s 

where k > 0, and g = 0(s~ 2 ). Then 

(2.72) f = 0(s~ 1 ). 

Proof. Multiplying the equation by s~ k we derive 

(2.73) d s (s- k f) = s- k g(s) = 0( s - k - 2 ) 
which upon integrating yields in view of the boundedness of /, 

(2.74) \s~ k f{s)\ < Cs^- 1 

for some constant C > 0, proving the claim after multiplying by s k . □ 

3. Time-periodicity and stationarity to all orders at infinity 

In this section we will prove that under the assumption of time-periodicity the 
spacetimes described in Section[2]are “stationary to all orders”, i.e. the deformation 
tensor of the time-like vectorfield constructed in Section [Til vanishes to all orders 
at null infinity. 

Proposition 3.1. Let (A i,g) be a solution to the vacuum equations satisfying the 
asymptotics of Section \2.3i towards future null infinity and the regularity assump¬ 
tions of Definition \2 .21 If(M.,g) is time-periodic, then 

(3.1) lim r k C T g = 0 V/c G NU{0}, 

u\r— >oo 

where the time-like vectorfield T is constructed as in Section \2.1\ 

In the spirit of [BSTlOa] this is achieved by an induction argument, which had 
been employed therein in the case where the spacetime can be conformally com- 
pactified. In Section 13.11 we first discuss the general asymptotics of non-radiating 
spacetimes, and prove the stationarity of time-periodic spacetimes “to leading or¬ 
der” . In Section 13.21 we then prove the main Proposition 13.51 for time-periodic 
solutions showing that all components of the curvature and connection, and thus 
of the metric, are time-independent to all orders at future null infinity. 

3.1. Time-periodicity and leading order behaviour. In view of the Bondi 
mass loss formula (12.361) which states in particular that the Bondi mass M(u ) is 
a monotone function of time u we have that for any time-periodic spacetime the 
Bondi mass is constant , 

(3.2) d u M = 0, 5 = 0. 

A dynamical spacetime with the property (13.21) (not necessarily time-periodic) is 
called non-radiating. While such spacetimes are of separate interest, we state here 
a few consequences of (13.21) which will be used below. 
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Proposition 3.2. Consider a solution to the vacuum equations with the asymp¬ 
totics towards future null infinity discussed in Section \2.fA If the spacetime is 
non-radiating in the sense of (EH) then 

A = 0, B = 0, 

d u P = 0, d u Q = 0, d u Z = 0, d„£ = 0, 

and 

lim rd u 7= 0 , d u H = 0 , d u H_ = 0 . 

u;r—t oo 

Moreover, if the solution is smooth at future null infinity in sense of Definition \2.& 
then in fact 

\a\t = 0(r~ 3 ), | PU = 0(r- 3 ). 

Proof. It follows immediately from the asymptotic equations (12.371) that the no¬ 
radiation condition (13.21) implies the vanishing of the leading order curvature com¬ 
ponents: 

(3.3a) lim $*r _1 a = A = — 2<9 U S = 0 

u\r—¥ oo 

(3.3b) lim $*r/3 = B_ =di/ r 5 = 0 

w,r—>oo — 

Already the next curvature component in the hierarchy (12.381) , the limit of p , cannot 
be expected to vanish identicalljU however, it follows directly from the limit of the 
Bianchi equations that P , and Q must be time-independent by virtue of (13.31) . 
Indeed, adding ( |2.22g[ ), (12 22hl) . and multiplying by r 3 , 

3 1 

(3.4) r 3 (L + L)p + -r(tr % + tr y )r 2 p = di fir 3 fd — r 2 (r( , /?) — -r 4 (r _1 x, a) 

— di fir 3 ft — r 2 (r£, 0) — 2r 2 (A, r/3) — ^r 4 (x, r _1 a) 

we obtain after taking the limit using the assumptions of Section 12.31 in particular 
(EH), (|2.32al) . and (1515511 . 

(3.5) TP =-idiAP-i(£, A), 

where we have used the leading order identity 2 T = L + L of Lemma 12.11 and the 
result that T commutes with r to leading order, c.f. Lemma 13.61 

j' l _ _ 

(3.6) lim T ■ r = lim - - (tr \ + tr x) = 0 . 

w,r —>oo u\r—>oo 2 2 v — 7 

Similarly, we obtain from (I2.22il) and ( |2.22j[ ) the limiting equation for a, 

(3.7) TQ = ~cvtflB--jE/\A. 

Therefore, by (13.31) . 

(3.8) 8 U P = 0, d u Q = 0. 

Moreover, by (13.21) the Hodge system for the limit of the torsion (12.441) simplifies to 

(3.9) cu/1 Z = Q di 'p Z = N_+P 

3 The value of P = limr 3 p for the static spherically symmetric Schwarzschild solution is P = 

-2 M. 
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and thus implies by (13.8|) . and (|2.45a|) . that 

(3.10) cujd d u Z = d u Q = 0 di^ d u Z = -i |£| 2 + d u P = 0, 

which yields, this being a div-curl system on the unit sphere^, the time-independence 
of the torsion 

(3.11) d u Z = 0. 

Finally as a direct consequence of 3 = 0 the metric itself is time-independent, 
in fact beyond the leading order, 

(3.12) lim rd u 7= lim §* u rD T {r~ 2 $) = - lim <3>*r- 1 (x + \) = 3 = 0 . 

u’,r —>oo u;r—}oo 2 w,r—>oo — 

Also, by (12.331) . 

(3.13) d u £ = -is = 0, 

and moreover, using (I2.23kl) . (12.2311) and (12.23el) . (12.23fD . or simply (12.311) we verify 
that 

OH 1 1 

(3.14a) —— = lim r 2 d u try=- lim r 2 Ltrx+~ lim r 2 L try = 0 

Ou u]r—too 2 —>-oo 2 u\r —¥oo 

OH 1 

(3.14b) -A= = lim r 2 5„ trx =--|5 | 2 = 0 . 

OIL w;r—»oo — Z 

While (13.31) already proves, for smooth solutions, that 

(3.15) I a\a=0(r~ 2 ), \^ = 0(r~ 3 ), 

it remains to improve the order of vanishing of a beyond these leading order asymp¬ 
totics. We return to the Bianchi equations for a, and use Lemma 13.71 to rewrite 
(I 2 . 22 bl) as follows: 

(3.16) D L a - itrxa = -y<8>/3+ i(x, a)4 + ~ 3\P + 3*xct 

Since, by angular regularity, 

(3.17a) lim $* u (rf®/3) =f ®B = 0 

u‘,r—too — 

(3.17b) lim $;(r(x,a)^) = (£, A) 7= 0 

and since in view of the smoothness assumptions the vanishing of the limits imply 
that the tensors on the left hand side of (13.171) are in fact order 0(r -1 ), we obtain 
the propagation equation 

(3-18) 3.V-|tr xK, s a = 0(r- 2 ) 

which implies using (13.31) . and Lemma 12.31 that 

(3.19) lim $*a = 0, |aL = 0(r~ 3 ). 

w,r—> oo v 

This completes the proof of the proposition. □ 

^We appeal here to the basic L 2 theory of Hodge systems on compact 2-dimensional manifolds, 
as presented e.g. in Chapter 2 of [CK93] . c.f. Lemma 2.2.2 therein. 
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Remark. The time-independence expressed in (13.811 and (13.1111 are related to the 
preservation of linear and angular momentum in the system, c. f. [Ei98j. 

In Proposition 13.21 we have thus discussed general properties of non-radiating so¬ 
lutions to the vacuum equations. We now proceed under the stronger assumption of 
time-periodicity. According to Definition 11.11 a time-periodic spacetime is endowed 
with a discrete isometry tp which extends as a translation to future null infinity. 
Therefore any geometric quantity w , i.e. tensors derived from the metric, such as 
components of the curvature tensor, which have a limit at future null infinity, 

(3.20) lim = W{u, £), uGR, £ G § 2 , 

U’,r—± oo 

are periodic functions of retarded time u, if the spacetime is assumed to be time- 
periodic in sense of Definition 11.11 

As a first consequence of the stronger time-periodicity assumption we state here 
the time-independence of the lower order curvature components a, (3, which cannot 
be inferred from the weaker no-radiation condition alone. The argument exploits 
time-periodicity as in [ iBSTlOaj . 

Proposition 3.3. Consider a solution to the vacuum equations as in Prop. 1 3. 21 
which in particular satisfies the smoothness assumptions of Def. \2.2l If the space- 
time is time-periodic then in addition to the conclusions of Prop. 13.21 we have that 

Q = 0, P = -2 M , 

d u A= lim d u <&* u (r 3 a) = 0, d u B = lim d u <&* u r 3 ft = 0. 

u\r—>oo u\r—>oo 

Moreover, we have in fact 

I fiU = 0(r~ 4 ). 

Proof. The Bianchi equations for /3 are (12.22cl) and (12.22e[) . which we add and 
multiply by r 3 to obtain 

(3.21) r 3 (y l/ 3 + y l/ 3) + 2r tryr 2 /? + r tryr 2 /3 + ruj_r 2 /3 = r 3 dip a + r 3 f^ ■ a 

+ r 3 y p + r 3 *pfcr + 3£ r 3 p + 3*£ r 3 a + 2r 3 y tt ■ /? — r 3 A^ • a . 

The limiting equation, under the assumptions of Section 12.31 in particular (12.3911 , 
reads 

(3.22) D t B =y P + * y Q + 2E-B 
where D denotes (the projection of) the Lie derivative, 

(3.23) D t B= lim $^ T (r 3 /?), 

u’,r—> oo 

and we have used Lemma 13.71 relating the covariant and Lie derivatives of a 1-form 
with respect to T. While we have already shown that B_ = 0, and that P(u,f), 
Q(u,f) are time-independent, there is a priori no reason why P and <2 should be 
spherically symmetric. The main idea to exploit time-periodicity — as it is also 
done in (BSTlOal — is now to differentiate (13.221) another time, and use (13.81) : 

(3.24) d 2 t b =y (r ■ p) + * y (T ■ Q) = 0 

In fact, it is evident from (13.511 and (13.711 that the last equality requires the vanishing 
of second order angular derivatives of B_, and A; this is ensured by B_ = A = 0 in 
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view of the smoothness assumptions imposed in Def. 12.21 Therefore, B must be a 
linear function in u , 

(3.25) B(v,2, 0 - B(u i,0 = B 0 (£)(u 2 - mi) ; 
however, since B is also periodic in u, we must have £?o(£) = 0, hence 

(3.26) d u B = 0 . 

We may now return to (13.221) to infer that 

(3.27) f P + * f Q = 0, 

which in view of the (Hodge) structure of this equation implies that P, and Q are 
separately spherically symmetric. But then integrating (13.91) on the unit sphere 
implies 

(3.28) Q = Q = 0 P = P=-2M 

where Q denotes the average value of Q on § 2 , and we used (I2.45b[) . Similarly to 
(13.221) we derive the limiting equation for a from the Bianchi equation (1 2.22 a.l> using 
the asymptotics of Section 12.31 

(3.29) D T A= X -y 
Therefore, using (13.261) . (13.281) and (12.331) . 

(3.30) D 2 t A = i y ®D t B - ^ME = 0 , 

where in view of (13.221) . (13.28)1 we invoke again the smoothness assumption of 
Def. 12.21 for the angular derivatives. As in (13.25)) it then follows from the time- 
periodicity assumption that 

(3.31) d u A = 0. 

It remains to improve the order of vanishing of the curvature component (3. We 
return to the Bianchi equation (I2.22fl) which we may rewrite using Lemma 13.71 as 
follows: 

(3.32) D L p + i tr X P = -fp + *y a + x“ • £ + 3 {p - 3*Ca + 2y“ • 0 
Since, by (13.281) and angular regularity, 

(3.33a) lim <f>* u (r 3 y p, r 3 y a) = (f P, f Q) = 0 

u]r—too 

(3.33b) lim (r 3 x a • /3) = S • B = 0 

u]r—> oo — 

we obtain, in view of the smoothness assumptions, the propagation equation 

(3.34) d s $l tS (r 2 p) - (try — ^ tr x)K{r 2 0 = 0(r~ 2 ) 
which implies by Lemma 12.31 

(3.35) lim 4>*(r 2 /3) = 0, |/3| rf = 0{r~ A ). 

u’,r—> oo — — 

□ 
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Remark. One may proceed to derive a complete description of the leading order 
asymptotics in this setting. In fact, using the ideas in (Riz98l one can exploit the 
freedom in the choice of H (related to the gauge freedom in the choice of Sq) to 
arrange for E = 0, since Q = 0, and S = 0, c.f. (6-8) in |Riz98] . Returning to 
(13.29[) we then obtain 

(3.36) y<g>R = 0, 

which says that B is a conformal Killing vectorfield on the unit sphere. Moreover, 
by (13.91) the torsion Z is a gradient vectorfield on the sphere, here in view of (12.331) , 

(3.37) Z =y 0' 4? = </> - \h 

where <j>' is a solution of vanishing mean to 

(3.38) %4>' = N-2M. 

Remark. We point out that the time-periodicity assumption is only used in the 
proof of Prop. 1(0 to deduce the time-independence of B, (13.261) . from the linearity 
of B in u, (13.251) . and similarly for A. Clearly the time-periodicity assumption can 
be dropped if instead we assume the existence of the limits 

(3.39a) .A(£) = lim A(u,£) = lim lim d>*(r 3 a) 

u—>■—oo u—y — oo it;r—>oo 

(3.39b) £?(£)= lim B(u,£)= lim lim (r 3 /?). 

u — y —oo iL—t—oo u;i —>-oo 

For then taking the limit u\ —> — oo in (13.251) . 

(3.40) B(tt2,0 - B{u i,0 = B 0 (O(«2 - mi) , 

forces Bq(£) = 0, which then again implies d u B = 0; similarly for A. The condition 
(13.391) requires in particular that on the level of the initial data , i.e. on a spacelike 
Cauchy hypersurface E, 

(3.41) supr 5 |aL<oo, sup r 4 |/3| < oo. 

E E 

This yields the following statement whose proof is identical to that given for 
Prop. 13.31 

Proposition 3.4. Let (A i,g) be a dynamical solution to the vacuum equations 
satisfying the asymptotics of Section \2.3\ towards null infinity, and the smoothness 
assumptions of Def. \2.A If the spacetime arises from initial data such that (13.391) 
and (13.411) hold, and if the spacetime is non-radiating, i.e. the Bondi mass is con¬ 
stant along future null infinity, then all conclusions of Propositions 13.21 Iff.<51 hold 
true, in particular 

\aU = 0(r~ 3 ), \f3\fi = 0(r ~ 4 ), \a\ = 0(r~ 4 ), 

d u p = 0 , d u B = 0, d u A = 0 . 

Note that the time-independence of A and B imply that if A and B are finite 
on the level of the initial data, then these bounds are propagated along future null 
infinity. 






















26 


SPYROS ALEXAKIS AND VOLKER SCHLUE 


3.2. Induction. We have seen that as a consequence of time-periodicity all leading 
order asymptotic quantities are time-independent. Now we will prove that the 
argument can be iterated yielding the statement that the vectorfield T is Killing to 
all orders at infinity. 

Proposition 3.5. Let (A i,g) be a solution to the vacuum equations satisfying the 
asymptotics of Section \2.3\ towards future null infinity and the regularity assump¬ 
tions of Defi:riitian \2.2[ If(A4,g) is time-periodic, then 

(3.42a) lim <f>*7 ,fe DT{o.,r 2 (3,r 3 p,r 3 a,r 3 /3,r 3 a) = 0 

u;r—> oo — 

(3.42b) lim 4>*r fc .Dr(r£), y, r 2 tr y, r _1 y, r tr y, rw, A) = 0 VA; £ N U {0} 

u\r—>oo — — 

(3.42c) lim ^r k+1 D T {r~ 2 fj, r~H, r~ x b) = 0 . 

u]r—too 

Here D denotes the Lie derivative defined in (12.241) . c.f. Lemma [3771 see also the 
commutation relations of Lemma 13.61 that are relevant for the proof. 


Proof by induction. We have by Propositions 13.2113.31 that (13.421) holds for k = 0. 
Let us now assume that (13.421) holds for some k G N. We will prove that (13.421) 
then holds for k + 1. 

Step la: Connection Coefficients. In a first step we shall show that the induc¬ 
tive assumptions on the curvatures a, and /3, namely 

(3.43) lim 4>*r fc Dr(p 3 /9, r 3 a) = 0 , 

u;r—>■ oo 

allow us to improve the order of vanishing of the null second fundamental form y. 
and torsion 

(3.44) lim §^r k+1 DT(r(,x,r 2 tr x) = ® ■ 

w,r—t oo 

Propagation equations. While the leading order argument presented in Section I5TT1 
mainly draws consequences from the equations along future null infinity, the induc¬ 
tion argument relies also on the use of propagation equations along the outgoing 
null hypersurfaces Cff. These equations are expressed in Section [2~2l in terms of a 
null frame (L, L; Ea ), where Ea : A = 1, 2 is an orthonormal frame on each sphere 
S UtS transported according to the equation 

(3.45) V l E a = -C aL . 

Since we are interested in “time-derivatives”, namely Lie derivatives with respect 
to T = d u , it shall be more convenient to use coordinate vectorfields, i.e. Jacobi 
fields X a : a = 1,2 along the null generators of Cff: 

(3.46) L = L X „ = _L [L,X] = 0 

The change from covariant to Lie derivatives is readily faciliated using Lemma 13.71 


Null second fundamental form. We can write ( |2.23j[ ) using Lemma 13.71 as 
(3-47) D L x= (x,x)tf - a. 

Since L and T commute by construction, we have in the above coordinates, 


( 3 . 48 ) 


d{duXab) 


= \x\' 2 d u flab + 2 X Cd duXcdhab - 2 {du$ c d)X CS X d fhab - duttab ■ 


ds 
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Now by the inductive assumption (13.421) . 

(3.49a) r k+1 x cd duXcddab = 0(r~ 2 ) 

(3.49b) r k+1 {\x\ 2 d u d ab ,x cf x d fd ab dudcd) =0(r ~ 2 ) 

and in particular by (13.431) . 

(3.50) r k+1 d u a ab = 0(r ~ 2 ), 

we derive that 

lo d{r k+1 d u Xab) k + 1 k+1 — 2 

(3.51) - — - —r^trx9uXab = 0{r ) 

which implies in view of Lemma 12.31 that 

(3.52) lirn r k+1 d u Xab = 0. 

u;r—>oo 

Similarly for the trace part we have by the Raychadlruri equation (12.2311) . 

(3.53) d s d u tr y = -2 X ab d u Xab + {d u ^ ab )x ac x b c ~ tr X^u tr y 
and the inductive assumptions, 

(3.54a) r 3 x ab r k d u xab = 0(r~ 2 ) 

(3.54b) r k ~\dJ ab )r i x ac X b c , 

that 

m d(r k+3 d u try) (k + 3 — ^ \ k+ 3 n . - 2 ^ 

(3.55) - — - (^—— try-tryjr ^ d u try = C>(r ) 

and hence 

(3.56) lim r k+3 d u try = 0 . 

u;r—to o 

Torsion. The equation (I2.23hl) can be written using Lemma 13.71 as 

(3.57) D l C + y# • C = -P 

We multiply by r and decompose y into its trace and trace-free part to obtain the 
equation that guarantees the existence of the limit (12.431) : 

(3-58) d s (r( a ) + i(try-try)rCa = -rxiCb ~ r/3 a 

Now differentiate, noting that T and L commute by construction, and multiply by 
r fc+1 to obtain, 


(3.59) 


d(r k+1 d u (r( a )) 

ds 


k + 1- 

__ tr y r 


k+1 


d u {rC,a) 


+ ^(try - tr x)r k+1 d u (r( a ) + y b a r k+1 d u {Kb) = 

= -\r k+1 d u {try - tF^Ka + r k+2 d u txabCc - r k+1 (d u x b a )r(b ~ r k+1 d u {rp a ). 

Therefore, in view of the inductive assumptions, and smoothness assumptions in 
the form, 


(3.60a) 

(3.60b) 


r k+1 d u (rC b ) = 0( 1) 

(r k+1 d u trx,r k - 3 d u 4ab,r k - l duXab,r k+2 d u p a ) = 0(r ~ 2 ), 
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the function defined by the left hand side of (13. 6 Pali is a solution to an o.d.e. 
satisfying the assumptions of Lemma 12.31 which yields 

(3.61) lim r k+2 d u ( b = 0 . 

u;i —>-oo 


Step lb: In a next step we show that the inductive assumption on p , namely 

(3.62) lim $* u r k D T (r 3 p) = 0, 

w,r—>oo 

allows us to improve the order of vanishing of the conjugate null second fundamental 
form Xi 

(3.63) lim Dr{r~ l x,r tr\)=0. 

u]r—*o o — — 

Conjugate null second fundamental form. The propagation equation (I2.23dl) for % 
reads in view of Lemma 13.71 

(3.64) dsX ab - \ tr XX ab = X cd Xcdfiab - (y®C)ab - \ tr XXab + (C®C)ob 
and thus 

(3.65) d s d u x ab ~ l tr X duX ab = \ (d u tr X )x ab 

+ X cd Xcdd u ^ab + 2 X cd (duX cd )fi a b + 2(dJ cd )x cf X d fdab 
- VaduCb - y bduCa + d u $ab di^C + tfab difr d u ( - ^(d u tr x)Xab - X tr xduXab 
+ 2(d u ta)(b + 2( a (duCb) ~ (du<hcd)CC d <hab - 2Cdu(Jab - CCcO^ab ■ 

Note that the inductive assumption on d u (j a , and our angular regularity assumptions 
imply 

(3.66) lim $;(r fc+3 - 2 yD T C) =0, r k f a d u <j b = 0(r~ 2 ). 

u\r—± oo 

Therefore we obtain 

(3.67) - ^ ab) - (^trx+ \ iv x)r k d u x ab = 0(r ~ 2 ) 
which implies in view of Lemma 12.31 that 

(3.68) lim r fc+1 d u (r -1 x J =0. 

u\r —^oo — a ' D 

Now for the trace of x we have (12.23fll which yields 


(3.69) d s d u try + ^ tr xd u tr X = ~\( d u trx) tr x 

+ 2{dJ ab )f a C b - 2 difsduC - X ab duX ab ~ X ab duXab ~ 2{d u <j ab )x ac j( 


ac^b 
a /-b 


+ 4 C a d u f a + 2 (d u <jab)(, a f + 2 d u p. 

Since in particular by the inductive assumption 
(3.70) r k+2 d u p = 0(r~ 2 ) 

we have using the assumptions in this step, 

d{r k+2 d u try) (k + 2 _ 1 


(3.71) 


ds 


(— tr X- 2 tr x)r fe+2 5 u trx = 0{r 2 ) 
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which yields as desired 

(3.72) lim r k+1 d u (rtrx) =0. 

w,r—> oo — 

Step lc: The remaining connection coefficients are uj and A which would vanish 
in a null frame constructed from two optical functions. By (I2.23nl) we have 

(3.73) d s d u Ul = -6(dudab)C( b - 12C a 9„Ca - 2 d u p 
which implies in view of the inductive assumptions that 

(3.74) lim r k+2 d u u = 0 . 

u\r—¥ oo 

Note also that directly integrating (13.731) justifies the assumption (I2.46a[) . 

For the coefficient A we combine (12.23ml) and ( |2.23g[ ) to obtain in view of 
Lemma im 

(3.75) D L X = x i -C + y^ 

Therefore 


(3.76) d s d u \ a = -( d u d bc )x c a ( b + tf bc (d u X ca Kb + X b a du(b 

+ \ {du tr x)Co + tr xpuCa + f ad u v 

and given that we have already proven (13.741) we obtain by angular regularity 

(3.77) r k+1 y a d u u = 0(r~ 2 ). 


The inductive assumptions then imply 

d{r k+1 d u A„) k + 1- 


(3.78) 


tr xr k+1 d u X a 


ds 


which shows that as desired 


0(r~ 2 ) 


(3.79) 


lim r k+1 d u X a = 0 . 

u\r—>oo 


Step 2: Metric. By the very definition of the null second fundamental form 
(3.80) D L j = 2 X 

we derive the following propagation equation for the metric components which 
ensures the existence of the limit (I2.28[) : 

(3-81) ^ ds^ = 2r_2 * ob + ( tr A “ tr a) r ~ 2 fia.b 

Here we multiply (13.801) by r k , and use that [L,T] = 0 to derive 

(3.82) ^J ab ) _ (^-trx + tr xjr k d u $ a b = 2 r k d u x ab + r k (d u try)^ ■ 

Given that we have already improved the inductive assumption on y, c.f. (13.521) 
and (13.561) . 

(3.83) r k+1 d u xab = 0(r~ 1 ), r k+ \d u tx X )^ = r k+3 {d u tv X )l= 0{r~ l ), 
we conclude that the right hand side of (13.821) is 0(r~ 2 ), hence 

(3.84) lim r k d u d ab = 0 . 

u'.r—t oo 
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The remaining metric components l and b in (12.57(1 satisfy the propagation equa¬ 
tions (12.601) which after multiplying by r k+1 yield 


(3.85a) 

(3.85b) 


d(r k+1 d u l) k+1 - t+ ,„ fc+1 „ 

—-—-—tr X r + d u l = -r k+1 d u u 


ds 


d(r k +'d u b a ) _ h + l^k+ig p = 2fY b r k+1 dJ cd <; b - 2f b r k+1 d u C b . 
os 2 


In view of the above obtained (I3.7dl) , and the inductive assumption (13.421) we con¬ 
clude that the right hand side of (13.85[) is 0(r~ 2 ). Therefore by Lemma [2731 

(3.86a) lim r k+1 d u l = 0 

(3.86b) 


u:r—> oo 


lim r k+1 d u b a = 0. 

u]r—>oo 


Step 3: Curvature. While Step 1 & 2 mainly relied on the inductive assumptions 
(13.421) used in conjuction with the propagation equations for the connection coef¬ 
ficients, the argument for the curvature components exploits the tinre-periodicity 
assumption similarly to the leading order argument of Section 13.11 

Recall here the leading order expression for the candidate vectorfield T given in 
Lemma I2J1 and the commutation property of Lemma 13.61 below. 

Curvature components p, a. The Bianchi equations Q2.22g| ) and (12.22hl) imply 
(3.87) 2T{r 3+k+l p) + ^-r (tr% - Wx)r 3+k p + |r(trx - trx)r 3+fc p = 


2 

3+fc+l 


di^/3 - (C,/?) ^ ^(X.«) - (£,§) - ^(x,a) 


We observe that the terms on the right hand side are time-independent by the 
inductive assumptions. In fact, 

(3.88a) lim d u (r 3+k+1 {x, a) = lim ( r k d u x, a) <, + lim (x, r k d u a) o = 0 

u\r—yoo \ / u’,r—y oo 7 u\r—too 7 

(3.88b) 

lim d u (r 3+k+1 { C,/%) = lim (r k+1 d u (, rfi)o + lim (r(, r k+1 d u /3)o = 0 
(3.88c) lim d u (r 3+k+1 difr = lim r k+A di^5 u /3 = 0, 

u;r—>oo \ —/ u’,r—> oo — 

where the last limit (13.88cl) follows from the assumption (13.421) on the curvature, 
and the angular regularity assumptions, c.f. Def. 12.21 Moreover, by (13.421) . 

(3.89a) lim d u (r 3+k+1 (x,ct)A = 

u;r—t oo \ — / 

= lim r~ 2 (r k ~ 1 d u x, r 3 a) o + lim r~ 2 (r _1 x, r k+3 d u a )« = 0 

u-,r—> oo v — ' 7 u;r—> oo v — ' 7 


(3.89b) 


lim d u (r 3+k+1 { C, 

'i\r—¥ oo V 

= lim r~ 2 (r k+1 d u (,r 3 /3) o + lim r -2 (r£, r k+3 d u j3) <, = 0 


' 7 u:r—t oo 


(3.89c) lim (V 3+fc+1 di/^ = lim r fe+1 difrd u {r 3 /3) = 0 . 

u\r—>oo \ J u\i —>-oo 
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Similarly on the left hand side, 

(3.90) lim d u (r{trx — try)r 3+fc p) = 

= lim r fe+1 9„(tr x — trx) r 3 p + lim r(tr % — tr x)r k+3 d u p = 0 . 

u;r—t oo v 7 u;r—> oo 

Therefore, 

(3.91) lim <9 2 (r 3+fc+1 p) = 0, 

u\r—t oo v 7 

which implies by time-periodicity that 

(3.92) lim r k+1 d u (r 3 p) = 0; 

U’,r—± oo 

time-periodicity is here exploited as in the proof of Prop. 13.21 above, and as in the 
argument given in [BSTlOa] . In complete analogy to the above, we prove 

(3.93) lim r k+1 d u (r 3 a) = 0. 

u;r—>o o 

Remark. Instead of using the time-periodicity assumption in this step, the state¬ 
ment (13.921) can be inferred from (13.911) more generally by virtue of a smoothness 
assumption on null infinity. Indeed, in the context of Theorem 1 1.31 we have in view 
of (11.101) that by (13.911) 

(3.94) d 2 uP k + +1 (u,0 = 0. 

Therefore dup^ 1 is independent of u. and 

(3.95) p+ +1 (m 2 ) - p+ +1 (m) = d u p + (£)(u 2 - u\) 

which implies after taking u\ —> —00 that by the key assumption (11.111) : 

(3.96) d uP k + +1 = 0 . 

Similarly for the curvature components < 7 , and /3, a below. 

Curvature component /?. We add the Bianchi equations (I2.22cl) and (12.22cl) after 
multiplying by r 3 , and use Lemma 13.71 to obtain: 

(3.97) 2 D T (r 3 /3) + |(tr y - trx)r 3 /3 + ^(trx - trx)r 3 /3 

— r trxr 2 /3 — r 3 \^ ■ P — r 3 x} • P + ror 2 P = 

= r 3 dipa + rC} ■ r 2 a + 'f{r 3 p) + *y(r 3 cr) + 3r£ r 2 p+3r*( r 2 cr + 2r 3 x • /3 — r 3 A tt • a 

Multiplying the equation further by r fc+1 and differentiating in u , we prove that 
all terms on the right hand side are w-independent in the limit. In particular, by 
virtue of (13.921) and (13.931) . and angular regularity, we have 

(3.98) lim d u (r k+1 y a (r 3 p,r 3 a)) = lim r 3+k+1 f a (d u p, d u a) = 0 . 

u\r—¥ oo \ J u;r—> oo 

Moreover, by the inductive assumptions, 

(3.99) lim d u (r 3+k+1 d bc XabP ) = 

u\r—>00 \ — c J 

o be Q bc 

= lim 7 r k d u x ab r 2 p + lim 7 Xabr k+2 d u P =0 

u‘,r—t oo — c n;r—>-oo — c 
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and similarly for all remaining terms, including on the left hand side where we have 
(3.100a) lim d u (r 3 + k+1 tx ab Pc) = 

u’,r—>oo \ — uu / 


o be Q bc 

= lim 7 r k ~ 1 d u x r 3 13+ lim 7 r~ 1 d u x ,r k+3 d u p c = 0 

lijr—>-oo — a ° u\r—± oo — alD 


(3.100b) 


lim d u (r 3+k+1 Lo/3a) = lim r k+1 d u cor 3 p a + lim rw r k+3 d u p a = 0 . 

oo \ / w,r—>o o w,r—>oo 

Therefore 

(3.101) lim dl(r 3+k+1 /3 a ) =0, 

n;r—>oo 

hence, by time-periodicity as above, 

(3.102) lim r 3+k+1 d u pa = 0 . 


Curvature component a. Recall the Bianchi equation (12.22al) in the form 

(3.103) Di\r 3 a) — i(tr% + 3tr x)r 3 a — r 3 (y, a)<j) + 2ur 3 a = 

= r 3 ^/7®P + 5 r 3 (®P — 3 r 3 \p — 3r 3 *\cr. 

Since by inductive assumption 

(3.104) lim r 3+k D T a = 0 

u;r—>■ oo 

we here invoke the smoothness assumption of Section 12.61 to infer that 

(3.105) r 3+k D L D T a = 0(r~ 2 ) 
or simply 

(3.106) lim r 3+k+1 d u d s otab = 0 . 

u;r—»■ oo 

After multiplying (13.1031) by r k+1 and differentiating in u, the limit thus yields a 
statement for D^a in view of (13.1061) . Now given that we have already improved 
DtX j c.f. (13.52|) . and Dt(p,ct ), c.f. (13.921) . (13.931) we obtain 

(3.107) lim D T (r 3+k+1 x{p,a))) = 

w,r—>o o \ / 

= lim r k+1 DTX,(r 3 p,r 3 a) + lim %r fc+1 Dt{t 3 p,r 3 a) = 0 . 

u\r—t oo u]r—>oo 

Moreover by (13.1021) and angular regularity we have 

(3.108) lim r 3+k+1 y®D T P = 0, 

u\r—t oo 

and all other terms in (13.1031) are w-independent in the limit by the inductive 
assumptions. Therefore 

(3.109) lim r k+1 D 2 T {r 3 a) = 0 

u‘,r—to o 

and again by time-periodicity 

(3.110) lim r 3+k+1 d u a a b = 0. 

u;i —>-oo 
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Step 3b. Finally we improve the order of vanishing of Dyfi, and Dt/3 with an 
argument that is similar to the treatment of the connection coefficients. Indeed, we 
can view the Bianchi equation (I2.22bl) as a propagation equation: 

(3.111) D L (r~ l a) - ~(trx~ trx)r -1 a - (x,r _1 a)^ = 

= —r _1 y<g)^ + 5 r _1 C<8/d — 3 r~ x %p — 3r _1 *xt7 

Therefore by the inductive assumptions (13.421) we have after differentiating in u and 
multiplying by r k+2 , 

(3.112) <9 s (r fc+2 <9„(r _1 a a6 )) - ^y^trxr fc+2 <9„(r _1 a: ab ) = 0(r ~ 2 ) 
and thus 

(3.113) lim K(r k+1 D T a]= 0. 

u;r—>oo \ J 

Similarly we rewrite (|2.22fl) as 

(3.114) D L (r/3) + ^(trx — tr%)r/3 — x^-r/3 = —r'fp+r*'fa + 3(rp — 3*(ra + 2rx^-/3 

and observe that after differentiating in u, and multiplying by r k+2 the right hand 
side is 0(r~ 2 ) by the inductive assumptions (13.421) . Moreover, by (13.521) and (13.561) 
also the remaining terms on the left hand side satisfy 

(3.115) r k+2 8 u (tXabr^) = 0{r~ 2 ). 

Therefore, as above, 

(3.116) lim $*Jr k+2 D T (rl3)) = 0. 

n;r—>• oo V — / 


We have thus proven (13.421) holds for k + 1, and hence completed the induction 
step, thus proving Proposition 13.51 □ 

Proof of Proposition \3.11 Proposition ^. 5l in particular proves the statement of Propo¬ 
sition I3T1 because in (u, s, d 1 , d 2 ) coordinates, 

(3.117a) (Crg)ab = d u tf ab 

(3.117b) (Crg)au = ~2(dJ ac )b c - 2 f, ac (d u b c ) 

(3.117c) {C T g)uu = -d u l + ( dj ac )b a b c + 2tf ac (d u b a )b c . 

□ 

Lemma 3.6. The vectorfield T commutes to leading order with factors in r, namely 

(3.118) lim d u r = 0 . 

u\r—± oo 

Proof. Since r(u, s ) is defined by (12.161) as the area radius of S UtS and 

(3.119) det ^s,u = \^b ab dufjabsj det 
we have by Lemma 12. 1 1 that 

(3.120) lim d u r = lim T-r = — lim r(tr x + tr%) = 0 

u\r—>oo it;r—>-oo 8 u‘,r—t oo — 

where the overline denotes the average on the sphere S u a . □ 
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Lemma 3.7. Let 9 be a S u , s 1-form (i.e. 9{L) = 9(L) = Q), and oj a symmetric 
trace-free S u<s 2-form (i.e. u>(L, •) = w(L, •) = 0), then 

(3.121a) DL 0 = f L 9 + x*-9 + ^tr X 0 

(3.121b) D L u = y L u + + trxw- 

Moreover, to leading order in r, 

(3.122a) D t 6 = f T d + • 0 + j tr • 0 + j tr 

(3.122b) D t u = y T w+ ^(x,w)^ + i(x,w)^+ ^tr^w-fi 7 ; tr . 

Proof. The identities (13.1211) are discussed in Chapter 1 of [Chr09 . Moreover, by 
definition, Dt9 = II CtO where II is the projection to the S^-spheres. Therefore 

(3.123) (D T 9) A = (fT0)A + 9-y A T, 

and the formula follows from Lemma 12. II Similarly, 


(3.124) ( D t u)ab = {^7toj)ab +w(V eA T, e_e) + w(e^, V eB T) 
which gives to leading order by Lemma 12. II 

, „ 1 1 1 1 

(3.125) D t u = y tw + -x x w + -w x x + TJX x w + -w x x- 

Since u is trace-free symmetric this simplifies to (13.1221) using the formulas of 
Chapter 1 in [ClrrOQj . □ 


4. Asymptotic extension of time-like Killing vectorfields 

In Section [3] we have proven that the time-like vectorfield T constructed in Sec¬ 
tion [2T] generates an isometry at infinity to all orders, c.f. Proposition l3.ll We shall 
now prove that this vectorfield is in fact a Killing vectorfield in a neighborhood of 
infinity. 

Proposition 4.1. Let (A4,g) be a time-periodic solution to the vacuum equations 
satisfying the assumptions of Section \2.6l Let T be the time-like vectorfield con¬ 
structed in Section Recall that T has the asymptotic form towards future null 
infinity given in Lemma \2.1l and satisfies 

(4.1) [L,T} = 0, V l L = 0, g(L,L) = 0, 

in a neighborhood V u of infinity, lo > 0; see (14.301) for the precise definition below. 
Then 

(4.2) Crg = 0 : on V u i 

for some 0 < lo' < to, i.e. (M,g) is stationary in a neighborhood of infinity. 

The proof of Prop. 14.11 relies crucially on our unique continuation from infinity 
results for linear waves on asymptotically flat spacetimes proven in collaboration 
with A. Shao in IASS13) : in fact it employs the Carleman estimates developed 
therein (rather than the uniqueness theorem per se ) and combines them with the 
general framework developed by Ionescu and Klainerman in |lK13l . 

We note that the latter provided an alternative (purely tensorial) to the method 
originally developed in lAIKlOb] on the problem of extending Killing vectorfields 
in Ricci flat manifolds using Carleman estimates. Interestingly, although for the 
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purpose of extending Killing fields across a finite boundary both the method in 
IK 13 : and the earlier in AIK l()i> are applicable 0 in the case at hand where we 
seek to extend from infinity, only the newer method in [IK 13j is applicable. This 
is due to its tensorial nature, which allows us to evaluate the resulting tensorial 
equation against any frame. In particular, we use an asymptotically Cartesian 
frame, which has the advantage that the (connection) coefficients in the resulting 
wave equation decay fast enough towards infinity for the theorem in |ASS13j to 
apply. 0 

In Sect ion POI we derive the relevant equations from [IK 131 in the present setting. 
Then in Section [472] we restate the Carleman estimate of [ASS 13] in physical space; 
(this estimate was first proven in a conformally inverted space; see also | TK09l ). 
Finally, in Section l4.4l we prove the unique continuation theorem, and complete the 
proof of Theorem 11.21 


4.1. Ionescu-Klainerman system of tensorial equations. In Section[2]we have 
defined the time-like vectorfield T away from future null infinity according to 

(4.3) [L,T\ = 0 

where L is the geodesic generator of the outgoing null hypersurfaces C+, 

(4.4) V l L = 0, g(L,L) = 0. 

This implies of course that T is a solution to the Jacobi equation 

(4.5) VlVlT = R(L, T) ■ L . 

Let 7r denote the deformation tensor of T, 7r = Crg, and following [IK 131 let 

(4.6) B = 

where w is an anti-symmetric 2-form defined by the transport equation 

(4.7) V LOJap = a I/P ; 

here and in the remainder of this subsection the components are expressed relative 
to an arbitrary frame. 

Moreover, define as in [IK131 the modified Lie derivative of the curvature R by 
(4.8a) W :=£ t R:=£ T R-BBR, 

4 

(4.8b) (U O R)aia2cxsa4 ~ ...p...a 4 

3 =1 

and also a tensor II algebraically similar to the Christoffel symbols (formerly de¬ 
noted by r in [IK13] ), namely 

(4.9) IIa/3/x - = H” ^ P'Kotp V M 7T a/5 ) 

and 

(4.10) P a ^/3 := IIq^ — . 


^The advantage of the former being that the Killing fields need not be tangential to the 
boundary. 

^If one employed the method in [AIKlOb] one would be forced to use a null frame, for which 
the resulting coefficients decay too slowly. 
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It is then proven in [TkT 31 Proposition 2.7 that B and P satisfy the transport 
equations 


(4.11a) Vz,P aj a = P p p a L p — B p p'S7 a L p 

(4.11b) V L P a/3p = W ofjpv L v + R a0pv B/L v - P a ppS7 a L p . 


These transport equations complement a covariant wave equation satisfied by 
W. Indeed, as a consequence of the Bianchi equations on Ricci flat spacetimes, the 
curvature satisfies a covariant wave equation: 


(4.12) 


I—l-^Q!l Q!2G!3CK4 ~^~-^'(TpCtsCt4 R a±02 


Rgo2P0 4 R aia3 


D T>(7 p 

r ^aa 20 !. 3 p 1 ^ O'! 0:4 


_ JD TDG P _ p TDG p _ p TDG p 

POL3OL4^ a. 2 ot.\ r i'craipoi4 ri a 2 &3 IX Ga\a3p 1 ^ a 2 a 4 


or for brevity, 


(4.13) DR = RoR. 

Now using the commutation properties of covariant and Lie derivatives (c. f. HkTsI 
Lemma 2.2) we have 


P 

'Oil .. .CK 4 


(4.14) \D(£TR)a 1 a 2 a3ai = £-t(OR 0 : 10 : 20 : 30:4 ) + n ff %v p P 

CZlQ' 2 & 3 CZ 4 

4 4 

+ E n «J pWP Ql p .. a4 + E(v CT n Q3 --p)P Ql p .. a4 + ]Tn Q3(Tp v CT p 

3 =1 3 —1 j=i 

In view of the presence of metric contractions in (14.121) we have, schematically, 

(4.15) C t OR = ttQRqR + RQ£tR, 
or, more precisely, 

(4.16) 

OL 2 CK3CK4 ~t - £tR(T PCK3CK4-P CK1Q2 ~f" R'CTOi2pOi^R CK1CK3 ~t~ £tR J ( 7 Ct 2 0t3f)R' a 1O4 


— CtR 0 


+ p, 

— Pn 


i R Cr a 2 a 1 P — C-rRaa^paiR 1 


0:2 0!3 


'G POL 3 OL 4 


c t r g 

,CtR c 


2^ R\pcy.^oL4R 
27r o RgXo 30 4 R 


OL\OL2 


0 : 20:1 

0102 


p 

p -p 


J GOL2 pCX-4 


'GOL\pOL 4 


c t r° 

C t R c 


0 : 10:3 


1 -£ T P 
' + P 


p — R 


7?^ p 

'cra:ia!3p Jt q- 2 «4 


'Ga.2O.3p 


,CrR a 


P - TT X R\ 7? <T P _ 7T a r, 

'‘<7 UXa 2 pa 4 J >- a nQ 3 ' <r 


Q:iQ:4 

p £ T P CT a2Ct4 p 


. a 2 ot3 P R a±a4 


,1 P — TT X ft ft 0 

•3a4 ±l ' aia2 ' p J - v 'Ga2pa4 ± *' a±a3 

TTfj R\aipa 4 R 0 : 20:3 "L -R\aia3pR c 
H“ TT p RGa\Xa 4 R q 2 Q!3^ "F 7Tp Rgo\ 03 xR q 


P — 7T X R 

n p - tt f7Q:2Q!3 


aP° 


TT A = V„T A 


where 

(4.17) 

Furthermore, by (|4.8b[) we have 

4 

(4.18) m(P © P) ai c 2 a 304 = - 

7 = 1 


v a t„. 


,p...a 4 


+ 2]T \7°B a p S7 a R ai ... p ... ai + J2 P„' r P> : . 


i=i 


1=1 
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and therefore 


(4.19) DW C 


Oil CK2 Q:3Q!4 


I(^J , -R)q;i0-20:3Q !4 © -^)o:i0:20:30:4 

4 

= ■^-7(0-^01020-30:4) + p \7 P R ai Ct 2 a 3 a 4 + ^ ' Up, pV CT i? Ql P a 4 

i=i 

4 

+ Pajpcr)R a f...a 4 + 5Z n “i^ V R a f... ai 

3 =1 1=1 

4 4 

- 2 £ \7°B a y a R ai ... p ... ai - £ 

1=1 l=i 

where we have used that 


(4.20) V^n^.^p - DBa.p = V' T (n aitT p - V a B ajP ) = V a P ajpa . 

In conclusion, we have schematically, 

(4.21) UW = R®£ T R+(RQR)0'K+VR&Vn+RQ\7P+X7R(D'\7B + (R0R)QB 
or equivalently, since to is anti-symmetric and 

(4.22) n a p = B a p + Bp a 

we can substitute B in place of 7r in (14.201) and obtain, finally, 

(4.23) DW = RQW +X7ROVB + R 2 QB + R&S7P. 

The above can be viewed as a wave equation for CtR with fast decaying coefficients, 
given that in this setting the curvature R is (9(r -3 ); c.f. Prop. 13.21 While this is 
morally the reason why the uniqueness theorems of [ASS 131 are applicable, we 
have to revisit the underlying Carleman estimate because (14.231) is coupled to the 
differential equations (14.111) . 


4.2. Carleman esimates in physical space. The results in [ ASS131 concern 
linear wave equations on asymptotically flat spacetimes (M,g). The class of space- 
times (Ad, g) of particular relevance here have positive mass in the sense that 


a,b =1 


(4.24) g = g uu du 2 - AKdudv + g vv dv 2 + ^ r 2 ^ A Bdy A dy B 

:1 

2 

+ ^2, ( 3 Au dw dy A + g A v dv dy A ) 


where 
(4.25) 

and the differential of r satisfies 
2 m 


A=1 


2m 

A = 1-, m > m-min > 0 , 

r 


(4.26) ^1 H——^)dr = ^1 + 0(r 2 )^j dz> — ^1 + 0(r 2 )jdu+^C(r 1 )dy A . 


A=1 


For the precise assumptions on the remaining metric components we refer the reader 
to Section 2.2 of IASS13) . We recall here that while these assumptions include 

(4.27) guu,9vv = 0\{r ~ 3 ), 
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the cross-terms are allowed to behave like 

(4.28) 9Au: 9Av = Oiir -1 ). 

In particular, it is shown in Appendix A in |ASS13j . that the above class of metrics 
includes the Kerr family. In Section fOl we will use this fact to show that the space- 
times considered in Theorem ll.21 11.31 are in the class of positive mass spacetimes in 
this sense of |ASS13j . c.f. Lemma l4~4l below. 

In these coordinates we define 

(4.29) / = , F(f) = log f~f 25 , 

uv 

for some fixed S > 0. In view of the freedom of choice of the constant of integration 
in (14.261) . we can set (u = 0, v = 0) on a (u, u)-level set where r is arbitrarily large; 
in other words, by the choice of the u = 0, v = 0 level sets, the domain 

(4.30) = {(zi,?;,?/ 1 ,?/ 2 ) : 0 < f{u,v) < w} 

is an arbitrarily small neighborhood of spatial infinity, which extends to small 
portions of future and past null infinity X + , I~. (It is useful to keep in mind here 
the Schwarzschild geometry, where the freedom in the choice of the u = 0 and 
v = 0 hypersurfaces corresponds to the choice of a radius r where r* := v — u = 0, 
c.f. Section 2.2 in [ ASS131 .1 

For convenience we introduce the weight function W, and associated weighted 
norms, for any A > 0 and domain V = Vlo > 0, 

(4.31) W = e~ XF fK H-llw = ||W-|| 2 , Ml= [ <?d» g 

Jv 

relevant for the formulation and use of the Carleman estimates that follow. 


Theorem 4.2 (Carleman estimate near infinity for linear waves, |ASS13j 'l. Let 
(M, g) be an asymptotically flat spacetime with positive mass m > m m i n > 0, and 
a neighborhood of infinity of the form (14.301) for some u> > 0. Let S > 0, and let 
(f> be a smooth function on T> u that vanishes to all orders at infinity, in the sense 
that for each N e N there exists an exhaustion ( T>k ) ofV u such that 


(4.32) 


lim [ r N ((f) 2 + \d(f >\ 2 ) = 0 . 
Jov k 


Then, for u> > 0 sufficiently small and A > 0 sufficiently large, 

(4.33) A 3 ||/V||w + A||/"*tf*V^|| W < lir^Hw , 

where 'F is defined byE 


(4.34) 


>F := 


mmin log r 
r 


^As discussed in [ASS13] , the function ^ measures the strength of the pseudo-convexity of the 
level sets of /. 
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Proof. We translate the Carleman estimate established i n (ASS131 
into physical space. The relevant estimate (4.12) therein 1 10 l 


Proposition 4.1 


(4.35) [ f~ 2X+1 |D^| 2 d^>A 3 / f~ 2X+1 f~ 2+2S 4> 2 d/j,g 

Jv Jv 

2 

+ a [ f~ 2X+i f 2S - i \E N 4>\ 2 d[j,-g + \ f 

J V J V 

(where Ea : A = 1,2 is tangential, and Ejg is normal to the level sets of /, and 
unit with respect to ~g) is expressed for functions <j> in the inverted spacetime ( V , 7j) 
which are related to the corresponding functions <f> in physical space ( T> , g) via the 
transformations 


(4.36a) g = fl 2 g il 2 = K~ 1 f 2 dg.j = fl 4 d/x ff 

(4.36b) 0 = 

In particular, c.f. Section 5.2 in [ ASS13I . 

(4.37) Ug4> = Pl- 3 Ug(t> + i (n~ 2 Rg ~ Rg) <f> 

where R gi and Rj are the scalar curvatures of g , and ~g respectively, and we proved, 
c.f. Section 5.4 therein, that 

(4.38) \n~ 2 Rg - Rg I < r 1+s . 

Firstly, we rewrite the zeroth order term on the right hand side of (14.351) . 

(4.39) J r 2X+1 r 2+25 fd^ = J r 2X+1 K- 2 f 2S 4> 2 dg a . 

Therefore, by rewriting the principal term in (14.351) using (14.371) . 


(4.40) [ f- 2 X+ 1 \ng(/)\ 2 dHg< 

Jv 

< J f- 2X+1 {n- 6 \n g( f\ 2 + \n~ 2 Rg- R g \ 2 n~ 2 ci> 2 }n 4 dfi g 

< [ f~ 2X+1 K 2 f~ 2 \O g (j)\ 2 dn g + f f~ 2X+1 K~ 2 f 2S ()) 2 dn g , 
Jv Jv 

we see that the scalar curvature term coming from the conformal inversion can be 
absorbed on the right hand side. 

Secondly, we treat all derivatives uniformly (retaining only the weaker weight of 
the tangential derivatives), and write 


(4.41) [ /-2A+ 1 / - 1 ^|v^|2 dM _ = 

Jv 

= J /- 2 A + 1 j- 1 ^ 2 j^- 4 |vfi| 2 ^2 _ 2 ■ V0 + fr 2 |v<(>| 2 }d/r s; 

we observe that 

(4.42) |Vfi| 2 < K~ 3 \VK\ 2 f 2 + K~ 1 \'S/f\ 2 < f 


10 We suppress for ease of presentation the common additional factor in all integrals. 
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so the first term is bounded by 

(4.43) J f- 2 x+ 1 f- 1 ^n 2 n~ 4 \vn\ 2 (i) 2 dtj, g < J /- 2 A+ 1 4 ^ 2 d/x 9 

and is thus bounded by the zeroth order term (14.3911 above, as long as 46 < 1. 
We can thus also use the zeroth order term to bound the mixed term by Cauchy’s 
inequality; in conclusion we have 

(4.44) [ r 2X+1 r^ |Wl|d M 9 > 

Jv 

> f /- 2A+1 /' 1 '5|V0| 2 d / r s + [ r 2X+1 f 2& 4> 2 dp g . 

Jv Jv 

With the notation (14.311) we have thus obtained the physical space Carleman esti¬ 
mate, 

(4.45) A 3 ||e- AF /^|| 2 + A||e- AF v^v^|| 2 < \\e~ XF f^Dcfh , 

which is precisely the statement (14.331) . □ 

Recalling the o.d.e.’s derived in Section 1X11 we also need a Carleman estimate 
for propagation equations of the form 

d 

(4.46) L •</> = $, L = — . 

ov 

We can readily adapt the proof of (AIK 1 Obi Lemma A.3 to obtain a Carleman 
estimate from infinity under the infinite order vanishing assumption. 

Lemma 4.3. Let (AI,g) be an asymptotically flat spacetime, and L = d v the out¬ 
going null vectorfield in the coordinates (14.241) . Let f be a smooth function on T> u 
that vanishes to all orders at infinity, in the sense that for any N £ N there is an 
exhaustion (T>k) ofV u such that 

(4.47) lim f r N d 2 = 0. 

JdV k 

Then for any q > 1, and A > 0 sufficiently large, 

(4.48) A11 -^f~ 1 r~ q (f>\\w < || f~ 1 r~ q L ■ f\\ w . 

Proof. Given a smooth functions f> and F on V , consider 

(4.49) if = e~ XF (j), 
then for any vectorfield L, 

(4.50) e~ XF L ■ f = \(L ■ F)if + L ■ if 
and so 

(4.51) / e~ XF (L ■ <f)(L ■ F)if = f A (L ■ F) 2 if 2 + \{L ■ F)L ■ if 2 

Jv Jv z 

= J A(L • F) 2 if 2 - X -[L ■ LF)if 2 - X -{L • F)(V a L a )if 2 . 
as long as there is no contribution from the boundary term, 

(4.52) / (L ■ F)if 2 = 0 . 

JdT> 
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With the choices (14.291) . and L = d v , we have 

(4.53) (L • F) 2 ~ 4 ^ L • (LF) 

and in the asymptotically flat setting of (14.241 ) . 

(4.54) V a L a = 0(r~ 1 )- 
moreover, by assumption (14.471) . 

(4.55) lim [ (L ■ F)^ 2 = lim / -/" 2A </) 2 = 0, A > 1. 

k ^°°JdV k k ^°°JdT> k v 

Therefore 

(4.56) J e~ XF (L ■ <t>)(L ■ F)ip > A J ^ 2 

and hence by Cauchy-Schwarz, 

(4-57) ||e- AF L.<A|| 2 >A||^|| 2 

or, since r > u, 

(4.58) A||e- AF ^|| 2 <||e- AF L-0|| 2 . 

r 

Finally, we can apply (14.571) to the function f~^r~ q (j)] since 

(4.59) L- = 0(v- 1 f~b- q ) 

we have under the same assumptions 

(4.60) A||e -AF -/“^r -9 <(>|| 2 < ||e _AF / _ ^r _9 L • <f>\\ 2 

r 

which is precisely the statement of (14.481) . □ 

4.3. Construction of space-time domain from initial data. In this section we 
prove that the space-times under consideration in Theorems 11.21 11.31 arising from 
initial data which are suitably close to a Kerr solution, fall under the assumptions 
of Section [T^J The argument applies to any space-time that admits a time-like vec- 
torfield which statisfies the Killing equation to sufficiently high order, in particular 
time-periodic, and smooth non-radiating space-times as established in Section [3] 
In (11.71) we have imposed that g |s, and k |s asymptote suitably fast to the values 
induced by a Kerr metric g^^)- More specifically, we assume that g|s and dtg |s are 
obtained on E = {t = 0} from the expression (for some m > 0, and 0 < |a| < m), 

(4.61) 5 = gf™ a) +g°° = -( 1 - ^)df 2 + 0?(r~ 3 )dt 2 

+ (l + — - ^ sin 2 tf 1 + — ^ cos 2 i? 1 ) dr 2 + 0?(r~ 3 )dr 2 
\ r r z r r z / 

2 

+ r 2 (di? 1 ) 2 + r 2 sin 2 i? 1 (di? 2 ) 2 -|- ^ O^{r 0 )dd A dd B 

A,B =1 

2 2 

+ OFir-^dtdti* + 0^{r~ 3 )drdd A + 0™{r~ A )dtdr . 
A =1 A=1 
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Note that the explicit leading order terms arise from the expansion in 1/r of the 
components of the Kerr metric in Boyer Lindquist coordinates; see e.g. IHE73] . 

Lemma 4.4. Let (M, g) be a space-time satisfying the asymptotics of Section [H 
and g on E C A4 be given by (14.611) . Suppose the conclusion of Prop. \3.1\ hold, 
namely with T constructed as in Section \2.1\ we have that (ED) holds. Then there 
exists a domain T> whose boundary at future and past null infinity contains segments 
Iff 0 , and T~ 0 , respectively, c.f. Fig. |7J and a system of coordinates on V for which 
g satisfies the assumptions of Theorem \4-2\ c.f. Section. \ f.2\ 

Proof. We know that g on E is a perturbation of the Kerr metric03 We will use 
the existence of a time-like vectorfield T such that m holds to prove that g 
is in fact a perturbation of the Kerr metric in the entire domain of dependence of 
En{r> R}, for R sufficiently large. The transformation to “comoving” coordinates 
of Appendix A in [ASS13] then shows that ( D , g) is positive mass space-time, as 
discussed in Section l4~2l and in particular satisfies the assumptions of Theorem l4.2l 
Firstly, we show that on E the vectorfield T obtained in Section [3] agrees to 
leading orders with the vectorfield dt in Boyer Lindquist coordinates; in fact 

(462) T-|- Oir-^ + 0(^)§- + £ 0(r~^ , 

A—l 

To prove this we write 

(4.63) T = (1 + a)dt + /3d r + 'y^d^A . 

Recall that in Section ED we have first defined T on a single cut Sq of future null 
infinity I + , which is specified by a freely chosen surface So C E; c.f. Fig. [3] If 
(M,g) is time-periodic we may choose So such that the limiting sphere Sq on Co 
can be identified with the sphere at infinity on E. Then by construction, a, /3 ,7 —> 0 
as r —> 00 . In the general case this is achieved by taking So = dBd , of an exhaustion 
Bd C E of the initial hypersurface by balls Bd, and thus normalises T on Sq to 
agree with dt in the limit as d —> 00 . 

Now consider the equation 

(4.64) (Crg)^ = {d^afgtv + (d u a)g^t + (1 + a)(Ca t g E 

+ [d^)g rv + {d u P)g^ r + f3(C dr g)^ + (d^ A )g A v + (^ 7 A )ff M A + 7 A {^d^ A g)^ ■ 
On one hand, we have by m, that 

(4.65) C T g = 0{r~ k ) V/fceN. 

On the other hand, by assumption (14.611) . we calculate 

(4.66a) ( C 0t g)rr = 0?(r ~ 4 ), {C dt g) tr = 0?{r ~ 4 ), (£p t5 W = 0?{r ~ 3 ), 

(4.66b) 

9777, 

(Ca r g)rr = —-^2 + 0?(r - 3 ), {C dr g) tr = <D?(r ~ 3 ), = 0?{r ~ 4 ), 

(4.66c) (Ca^ A g)rr= z 0 1 (r ) ,(Ca^ A g)tr = (r ), (^-d^ A g)ri) B = 0 1 (r 3 ). 


■^As already noted above, for a general asymptotically flat initial data set, this can be achieved 
by choosing m, and a, suitably. 
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Inserting (14.651) and (14.661) into (14.641) we obtain equations for a, /3, and 7 . Indeed 
the (/x, v) = ( r,fl A ) component of the equation (14.641) reads, to leading order, 

(4.67) {d rl A ) + ^doAi3) + ^(d r a)0?(r- l ) = 0{r- k ) VfceN. 

In view of /3 —> 0, a —> 0, and smoothness of these functions, we have that 
dflAf3,d r a = 0(r -1 ) and we obtain that = 0(r ~ 2 ). From the (/it, v) = (r, r) 
component of (14.641) we get the equation 

(4.68) 2(3 r /3)(l + ^) - (^ + 0 2 (r- 2 ))p + 1 A 0?(r- 2 )=0(r- i ) ] 

note that we here used (|4.66al) , which directly reflects the assumption made on g rr 
component up to order r -4 in (14.611) . This implies that /3 = 0(r~ 3 ). Finally the 
(/x, v) = (r, t) component reads 

(4.69) - 2(0 r a)(l - ^) + (8^)0?(r- 1 ) +^0?^) = 0(r~ 4 ) 

where we used (14.66al) . which is due to the assumption on g tr in (14.611) . This also 
implies that a = 0(r~ 3 ). 

Secondly, we pass to a new system of coordinates (£, r, x? 1 , $ 2 ), where t = 0 on £, 
Tt = 1, and the coordinates (r, i? 1 , i? 2 ), are dehned to be constant along the integral 
curves of T. Now (|4.62l) shows that g on £ is again of the form 

(4.70) g = ~( 1 - —)d P + 0^(r~ 3 )dt 2 + 0^(r~ 3 )dtdr + Oa°(r~ 1 )did0 A 

r A=1 

+ (l + — - ^ sin 2 dr 2 + (D%°(r~ 3 )dr 2 + 0^{r~ 3 )drdd A 
r r A=1 

2 

+ r 2 (di ? 1 ) 2 +r 2 sin 2 i? 1 (di ? 2 ) 2 + ^ O'? {r°)dd A dti B . 

A,B =1 

Thirdly, in these coordinates, 

(4.71a) g t iv(i,r,& 1 ,'& 2 )= g^i 0,r,'!? 1 ,tf 2 ) + / d^g^t, r, i? 1 , tf 2 )dt 

Jo 

(4.71b) IflW&r,!? 1 ,!? 2 ) - 5 ^( 0 , r, 1 ? 1 , 1 ? 2 )| < [ \{C T g)^{t, r, tf 1 , i? 2 )|df. 

Jo 

Therefore, on a domain of the form 

(4.72) 2? = {(t, r, 'd 1 ,'# 2 ) : r > R, |f| < r + 2m log r — (R + 2m log 2?)} 

we have from (14.711) . by virtue of (13.11) say for k = 4, |£t< 7 | = C^r -4 ) that on 2? 
thus defined, 

(4.73) \g tll/ (i,r,'d 1 ,'d 2 ) - g^ v {Q, r,'!?\i? 2 )| = C>(r -3 ). 

Thus g is of the form (14.701) in the entire domain V , and the transformation to “co¬ 
moving coordinates” as discussed in Appendix A of ASS 13 can be applied to bring 
the metric into the desired form (14.241) . such that all assumptions of Section 14721 are 
satisfied. □ 
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4.4. Unique continuation of time-like Killing vectorflelds from infinity. 

We shall now prove a unique continuation result from infinity for Killing vectorflelds 
based on the Carleman estimates of Theorem 14.21 and Lemma 14.31 

Proposition 4.5 (Extension of Killing vectorflelds from infinity). Let ( M,g ) be 
an asymptotically flat spacetime with positive mass (c.f. Section [f.Sj ) and rapidly 
decaying curvature in the sense that uniformly with respect to an orthonormal frame 

(4.74) \R a ^ 5 \ = 0(r ~ 3 ), \V e R a0lS \ = 0{r~ A ). 

Let T be a time-like vectorfield on D U) ut > 0, chosen to be the binormal on future 
null infinity, and extended according to (c.f. Section \2. 1\) 

(4.75) [L,T] = 0, 

where L is the affine outgoing null geodesic vectorfield. Then we have: 

If T satisfies the Killing equation to all orders at infinity, i. e. for all N £ N there 
is an exhaustion (T>k) such that 

(4.76) lim [ r N Crg = 0 lim [ r N C tR = 0, 

k ^°° JdT) k fe - >0 ° Jdv k 

then ( M,g ) is in fact a genuine Killing vectorfield for (A i,g), namely 

(4.77) Crg = 0, CtR = 0 : on T> u ' 

for some 0 < ui' < ui. 

In Section [3] we have proven that all smooth time-periodic solutions to the Ein¬ 
stein vacuum equations satisfy the conditions of Proposition 14.51 In particular, in 
Propositions 13.21 and 13.31 we have shown that (14.741) holds, and in Proposition 13.51 
of Section 13.21 we have proven that (14.761) is verified in the time-periodic setting. 
The following proof in conjunction with Proposition 13.51 thus completes the proof 
of Theorem 11.21 


Proof of Prop. \ f.5\ The strategy is to apply the Carleman estimates of Theorem l4.2l 
and Lemma POl to the system of equations (14.231) and (14.111) , and derivatives thereof. 

These equations are covariant and can be expressed in any sytem of coordinates. 
In order for Theorem l4.2l to be applicable to wave equations derived in Section l4~ll 
we have to ensure a sufficiently rapid fall-off of the Christoffel symbols, which is 
achieved by evaluating all tensors relative to asymptotically Cartesian coordinates. 
It is at this point that the method of [IK 13] is essential. 


Cartesian coordinates. Given the coordinates (u, s,y x ,y 2 ) of Section o we may 
pass to Cartesian coordinates (x°, x 1 , x 2 , x 3 ) such that the metric takes the form 

3 3 1 

(4.78) g = -dx° ® da ; 0 + ^ da ; 1 <g> da ; 1 + ^ 0 2 {~) daAdaA 

i =1 fL,i'=0 

and d x o\ x i coincides with d u \ s y A as r —> oo where 

(4.79) r = y/ix 1 ) 2 + Or 2 ) 2 + (x 3 ) 2 . 


Then, in these coordinates, 
(4.80) 
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It follows that 

(4.81) V a V a W^s = 9 aP d a VpW^ s 

j 3 

4-0(^-) ^ 4- V^Wa^s + 

A,0=0 

and 

(4.82) 

1 3 

<9 q V pW^s = dadpW^s + 0(—) y^(W / Ai/ 7 ,5 + + W^as 4- W^^a) 

A =0 

1 3 

+o(A>£ (tl a 14^1/7(5 4“ H / )jA7f5 4“ ^a^)ui/A5 4“ 

A =0 

which shows that the wave equations satisfied by the components of W in these 
coordinates, for brevity now simply denoted by (W), are related to the components 
of UW, denoted by (DW), via 

(4.83) U{W) = 0(^)V(W) + 0(^)(W) + (DW) . 

Notation 4.1. Here and in the following we denote by (T) any of the components 
T ai ...a k of a tensorfield T in the asymptotically Cartesian coordinate (or, x 1 ,x 2 , x 3 ) 
for which the metric takes the form (14.7811 . 

In conclusion, by virtue of (14.2311 . 

(4.84) U{W) = 0(R)(W) + 0(4) (WO + 0(4) V(W) 

4- 0(VP)V(P) + 0(R 2 )(B) + 0(P)V(P). 

Moreover, it will be convenient to have uniform bounds on the components of 
VL, and VVL in these coordinates. Since 

<« 5 > '-m + tTk + ±°<r-')£ 

2=1 fl—0 

we have 

(4.86a) V /i L p = d^L? + = 0{r~ l ) 

(4.86b) V M V„L p = 0(r~ 2 ). 

Also note that 

(4-87) [Vt,V„] = 4>( p_1 )44- 

i /=0 

In these coordinates, the covariant equations (14.1111 yield simple transport equa¬ 
tions for the components of B , and P, (evaluated against the Cartesian frame 
above) simply denoted by (B) and (P), of the form: 
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(4.88a) V l (B) = (P) + 0(-)(B) 

r 

(4.88b) V L (P) = (W) + 0(R)(B) + 0(-)(P). 

r 

Furthermore, after commuting (14.111) with V ;/ , taking into account (14.871) . we obtain 
the following propagation equations for the cartesian derivatives of the components 
of P , and B , simply denoted by V(P), and V(P): 

(4.89a) V L V(P) = V(P) + 0(^)(P) + 0(^)V(P) + 0(^)(P) 

(4.89b) V L V(P) = V(W) + 0(-)(W) 

r 

+ 0(\7R)(B) + 0(P)V(P) + 0(i(P))(B) + 0(i)V(P) + C(4)(P) 

Infinite order vanishing condition. We note that the assumptions (14.761) imply that 
(W), (P) and (P) vanish to all orders at infinity. In fact, by assumption 7r = Crg 
vanishes to all orders at infinity, and since u satisfies the transport equation (TOP . 

(4.90) V L (w) = , 

r 

(and (w) = 0 on future null infinity by construction), also (w) vanishes to all orders, 
which immediately implies that both 

(4.91a) ( B) = ( 7 r) + (w) 

(4.91b) (W) = ( C t R ) + 0(R)(B) 

vanish to all orders at infinity. Since by (14.88al) (P) is directly related to ( B ) by 

(4.92) (P) = Vl(P) + C(-)(£) 

r 

we have that also (P) vanishes to all orders. (Alternatively that can be infered from 
integrating (14.88bl) .f Therefore by assumption (14.761) Theorem 14.21 can be applied 
to the functions (W), and Lemma f 1..1I to the functions (P) and (P), as well as its 
derivatives V(P), and V(P). 

Cutoff functions. The Carleman estimates are in fact not applied to the component 
functions (W), and (P), etc., but instead to x ' (W 7 ): X ' (P), etc., where y is a 
cut-off function whose level sets coincide with those of P o /, 

(4.93) % = 1 : on D Wo , X = 0 : on 2)^ , w 0 < wi < w . 

This ensures that the resulting functions satisfy the support conditions of Theo¬ 
rem 14.21 in the interior; this part of the argument is entirely standard for unique 
continuation problems. 

Given that the components of W satisfy an equation of the form 


(4.94) 


□(VF) = A4((W),V(P),(P),V(P)), 
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where M for brevity refers to a multiple of the quantities that follow, then the 
function y • (W) clearly satisfy 

(4.95) a(x(W)) = (a X )(W) + Vy • V(W) + X M{(W), V(P), (P), V(P)) 

= (□x)(W / ) + Vx • V(W) + M(Vx) +M(x(W),V(x(B)), X (B), V(y(P))). 

Since the terms dy, and Vy, are only supported in the cut-off region of y, it suffices 
to focus in the following argument on the last terms, the multiples M. coming from 
the equation for W. 

For simplicity in notation, we shall thus suppress both the cut-off and the com¬ 
ponent notation in the argument that follows. 

Weighted Carleman estimates for systems. We now proceed to prove the uniqueness 
of W, and B using the Carleman estimates of Section l4~2l 

Let A > 0. By (14.331) applied to W (recall that by convention we simply write 
W, B , etc, instead of y • (W), y • (B), etc.) we have 

(4.96) A 3 ||/ < 5 W||w + A||/-MvW||w < ||/" 1 :W|| w 
and by (14.841) we can estimate 

(4.97) ||/- 1 DW|| w < Wf-'RWWw + HrV^WHw + ||/"V^VWIIw 

+ \\f-\VR)VB\\ w + ||/- 1 i2 2 B|| w + lir^VPHw + ||VyA4||w; 

(here and in the following VyA4 refers to a term composed of multiples of W, B, 
etc, which is however only supported in the cut-off region of y, and will remain on 
the right hand side of the inequalities.) Since by assumption 

(4.98a) R = 0(r~ 3 ), VR = 0{r~ 4 ), 

(4.98b) f~ l < r \ /> 4r, 

we can absorb the first three terms on the right hand side of (14.971) . on left hand 
side of (14.961) for A>1 sufficiently large, as long as 0 < 25 < 1. 

In order to control the term involving B on the right hand side of (14.971) . we add 
to (14.961) the inequality 

(4.99) A|[i/- 1 4 B Hw< 

< ||/-V- 4 V l P|| w < ||/- 1 r“ 4 P|| w + lirV-^llw + ||VyM||w • 

which is obtained using the Carleman estimate (14.481) and (I4.88af) : the new term 
on the left hand side in particular controls 

(4.100) A|4/- 1 4p||w > lir^PHw . 

r r* 

While the second term on the right hand side of (14.991) is already controlled by 
(14.1001) . so as to absorb the first term, we also add to (14.961) the inequality 

(4.101) M\j.f~ 1 r~ 3 P\\w < ||/-V- 3 V l P||w < 

< \\r x r- 3 W\\ w + \\f- l r~ 3 RB\\ w + Wf^r^PWw + ||VyA4|| w 

which is a consequence of the Carleman estimate (14.481) and (I4.88bl) . Note that all 
terms of the right hand side are already controlled. 
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In other words, up to this point we have shown that for A> 1 large enough, 

(4.102) AlirV-^llw + AlirV-^llw + A 3 ||/' 5 iy||w + X\\f~i^VW\\ w < 

< ||/ _1 (Vi?)VB||w + lir^.VPHw + ||V\'A4||w . 

So as to absorb the term involving VP, we add to (14.1021) the inequality 

(4.103) AH-rV^VPIlw < ||/“V" 3 V l VP||w < 

r 

<||/- 1 r- 3 VP|| w + ||/- 1 r- 4 P||w 

+ ||/ _1 r" 4 VP|| w + \\f- 1 r- 6 B\\ w + ||V X A4||w 

which in turn is obtained using the Carleman estimate (14.481) and (14.89al) . As 
desired, the new term on the left hand side in particular controls 

(4.104) AH-rV^VPHw > ||/- 1 (VP)VP|| W • 

r 

Moreover all terms on the right hand side of (14.1031) except for the first term 
involving VP can be absorbed on the left hand sides of (14.1021) and (14.1031) : (the 
cut-off term of course remains on the right hand side). Now we add to (14.1021) the 
inequality 

(4.105) AllJr^VPIlw < ||/- 1 r- 2 V L VP|| w < 

< ||/- 1 r“ 2 VVF||w + Wf-'r^WWw + ||/- 1 r- 2 (V«) J B|| V v + || f- l r~ 2 BSIB\\ w 
+ lirV^PPHw + ||rV- 3 VP|| w + ||/ _1 r" 4 P||w + ||VyM||w • 

which is the result of the Carleman estimate (14.481) and (I4.89b|) . 

Now in particular the first term on the right hand side involving VW can be 
absorbed on the left hand side of (14.961) . 

(4.106) A||/-*tf*VW|| w > ||/- 1 r- 2 VW|| w , 
because 

(4.107) > f^r-i 

using that the strength of the pseudoconvexity is bounded below by 4^ > r _1 . Also 
the second term on the right hand side of (14.1051) is already controlled because 

(4.108) A 3 ||/ 5 MP||w > ||/-V- 3 V^||w , 

as long as 0< 5 <1/2. Moreover, all remaining terms on the right hand side of 
(14.1051) can be absorbed by the terms introduced on the left hand side of (14.1021) . 

mm , mm - 

Finally, also the remaining term on the right hand side of (14.1021) involving VP 
can be absorbed on the left hand side of (14.1051) . 

Following standard procedure, we now restrict the integrals on the left hand side 
to the smaller domain I> Uo , where y = 1, while integrals on the right hand side 
are over D Ul \ V UQ where Vy is supported. Since F(f) is monotone increasing, the 
Carleman weight e~ XF can be dropped from the inequality and we obtain 

(4.109) X 3 \\f^f 5 W\\ 2 + A||tf *W|| 2 + A||/-5r- 5 P|| 2 + A||/-ir-- 4 P|| 2 

+ A||/-5r- 4 VP|| 2 + A||/-^r- 3 VP|| 2 < ||/*V X M|| 2 
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which by taking A oo implies in particular that B = 0 and 
(4.110) Crg = 0, CtR = 0 : on D Wo . 

□ 
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